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ARTICLE INFO ABSTRACT
Keywords: The Enskog-Vlasov (EV) equation extends the Enskog model to describe the non-equilibrium trans-
Enskog Vlasov equation port of dense gases and liquids. It captures non-equilibrium phase transitions and rarefaction ef-

High-order lattice Boltzmann method
Hermite expansion
Non-equilibrium evaporation

fects that are beyond the capabilities of the continuum fluid mechanics. A major computational
challenge in solving the EV equation lies in the accurate and efficient evaluation of the forcing
term, e.g., long-range intermolecular interactions and external body forces, which can signifi-
cantly influence phase changes and flow behavior, especially near surfaces.

In this work, we propose a method that utilizes Hermite polynomials to reformulate the EV
forcing term by expanding the molecular velocity distribution function in a locally shifted-and-
scaled velocity space. This approach recovers the exact forcing term for near-equilibrium flows
and computes non-equilibrium corrections with far fewer discrete velocities and larger time steps
compared to conventional finite difference methods. As a result, the computational cost is greatly
reduced without sacrificing simulation accuracy. To further simplify implementation, we present
a component-wise derivation of the Hermite expansion, avoiding complex tensorial manipula-
tions and reducing computational burden. The efficiency and accuracy of the proposed method
are validated through numerical simulations of non-equilibrium transport of surface-confined
dense fluids at the nanoscale and of non-equilibrium evaporative flows. This method enables ef-
ficient molecular kinetic simulations of non-equilibrium transport of dense fluids, particularly
when accounting for phase changes and surface confinement at the nano-scale.

1. Introduction

Non-equilibrium transport of dense fluids is ubiquitous in nature and industrial processes, e.g., high-power electronics cool-
ing [1-3] and micro-electromechanical devices [4]. The non-equilibrium phenomena including the temperature jump at the liquid-
vapour interface cannot be captured by the conventional continuum theory. Meanwhile molecular dynamics (MD) simulations are
prohibitively expensive to describe such phenomena [5].

The Enskog-Vlasov (EV) kinetic equation has emerged as a powerful theoretical framework addressing non-equilibrium transport
of dense fluids, augmenting the Boltzmann equation with an Enskog collision operator for excluded-volume effect and a Vlasov mean-
field forcing term for long-range van der Waals attractions [6-8]. Therefore, the dense fluid effects including spontaneous liquid-vapor
separation, capillary phenomena, which are inaccessible to hydrodynamics, can be captured with the molecular velocity distribution
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$f(\mathbf {r},\mathbf {v},t)$


$\phi (\mathbf {r})$


\begin {equation}\partial _t f + \boldsymbol {\xi } \cdot \nabla _{\mathbf {r}} f + (\mathbf {F}_{\text {att}} + \mathbf {F}_{\text {ext}}) \cdot \nabla _{\boldsymbol {\xi }} f = C[f], \label {eq:general_kinetic}\end {equation}


$\mathbf {F}_{\text {att}}$


$\mathbf {F}_{\text {ext}}$


$C[f]$


$\mathbf {F}_{\rm att}$


$(\mathbf {F}_{\rm att} + \mathbf {F}_{\rm ext}) \cdot \nabla _{\boldsymbol {\xi }} f$


$\nabla _{\boldsymbol {\xi }} f$


$f = f^{\rm eq} + f^{\rm neq}, \
\nabla _{\boldsymbol {\xi }} f = \nabla _{\boldsymbol {\xi }} f^{\rm eq} + \nabla _{\boldsymbol {\xi }} f^{\rm neq},$


$\nabla _{\xi } f \approx \nabla _{\boldsymbol {\xi }} f^{\rm eq} = -\frac {\boldsymbol {\xi }-\mathbf {u}}{R T}\,f^{\rm eq},$


$\nabla _{\boldsymbol {\xi }} f^{\rm neq}$


$\bxi $


$f \approx (2\pi )^{-D/2}\,\exp \left (-|\boldsymbol {\xi }|^2\right ) \sum _{n=0}^N \frac {1}{n!}\,\ba {n}:\bh {n}(\boldsymbol {\xi }),$


$\mathbf {v}=(\boldsymbol {\xi }-\mathbf {u})/\sqrt {RT}$


$\mathbf {u}$


$T$


$f$


$\boldsymbol {\xi }$


$\omega (\boldsymbol {\xi })=(2\pi )^{-D/2}\exp \bigl (-|\boldsymbol {\xi }|^2\bigr )$


$\omega (\mathbf {v})=f^{\rm eq}\,(RT)^{D/2}/\rho =(2\pi )^{-D/2}\exp \!\bigl (-|\mathbf {v}|^2/2\bigr )$


$f^{\rm eq}$


$f(\mathbf {r}, \mathbf {\xi }, t)$


$f^{(2)}(\mathbf {r}, \mathbf {\xi }, \mathbf {r}_1, \mathbf {\xi }_1, t)$


\begin {align}\frac {\partial f}{\partial t} + \mathbf {\xi } \cdot \nabla f + \mathbf {F}_{\text {ext}} \cdot \nabla _{\xi } f = \int \int \frac {\partial f^{(2)}}{\partial \xi } \cdot \nabla \phi (\mathbf {r}, \mathbf {r}_1) d\mathbf {\xi }_1 d\mathbf {r}_1,\end {align}


$\phi (\mathbf {r}, \mathbf {r}_1)$


$f^{(2)}$


$f^{(2)} \approx f(\mathbf {r}, \mathbf {\xi }, t) f(\mathbf {r}_1, \mathbf {\xi }_1, t)$


$\chi (\rho )$


$f^{(2)} \approx \chi \left (\frac {\mathbf {r} + \mathbf {r}_1}{2}\right ) f(\mathbf {r}, \mathbf {\xi }, t) f(\mathbf {r}_1, \mathbf {\xi }_1, t)$


\begin {align}\label {eq:ev-equation} \frac {\partial f}{\partial t} + \mathbf {\xi } \cdot \nabla f + (\mathbf {F}_{\text {ext}} + \mathbf {F}_{\text {att}}) \cdot \nabla _{\xi } f = J_E,\end {align}


$J_E$


\begin {align}J_E(f, f) = \sigma ^2 \int \left [\chi (\mathbf {r} + \frac {1}{2}\sigma \mathbf {k}) f(\mathbf {r}, \mathbf {\xi }') f(\mathbf {r} + \sigma \mathbf {k}, \mathbf {\xi }_1') - \chi (\mathbf {r} - \frac {1}{2}\sigma \mathbf {k}) f(\mathbf {r}, \mathbf {\xi }) f(\mathbf {r} - \sigma \mathbf {k}, \mathbf {\xi }_1)\right ]\mathbf {g} \cdot \mathbf {k} \, d\mathbf {\xi }_1 \, d \mathbf {k},\end {align}


$\sigma $


$\mathbf {g} = \mathbf {\xi }_1 - \mathbf {\xi }$


$\mathbf {k} = (\mathbf {r}_1 - \mathbf {r})/|\mathbf {r}_1 - \mathbf {r}|$


$\mathbf {\xi }'$


$\mathbf {\xi }_1'$


$\mathbf {F}_{\text {att}}$


\begin {align}\mathbf {F}_{\text {att}} = -\int _{|\mathbf {r}| > \sigma } n(\mathbf {r} + \mathbf {r}') \nabla \phi _{\text {att}}(|\mathbf {r}'|) \, d\mathbf {r}',\end {align}


$\phi _{\text {att}}(|\mathbf {r}'|)$


\begin {align}\phi _{\text {att}} = -\epsilon _p \left (\frac {\sigma }{r}\right )^6, \quad |\mathbf {r}| > \sigma ,\end {align}


$\epsilon _p$


$\mathbf {r}$


$f$


$f^{(0)}$


\begin {align}J_E(f, f) &\approx \chi J^{(0)} + J^{(1)} + J^{(2)},\end {align}


$J^{(0)}$


$J^{(1)}$


$J^{(2)}$


$J^{(0)}$


\begin {align}\label {eq:J0} J^{(0)} &= -\frac {1}{\tau } \left [ f - f^{(0)} \left ( 1 + (1 - \pr ) \frac { \mathbf {c} \cdot \mathbf {q} }{ 5 p_0 R T } \left ( \frac {c^2}{RT} - 5 \right ) \right ) \right ],\end {align}


$J^{(1)}$


\begin {align}\label {eq:J1} J^{(1)} &= -\rho b \chi f^{(0)} \left [ \mathbf {c} \cdot \left ( \nabla \ln ( \rho ^2 \chi T ) + \frac {3}{5} \left ( \frac {c^2}{2RT} - \frac {5}{2} \right ) \nabla \ln T + \frac {2}{5} \left ( \frac {\bc ^2}{RT} : \nabla \mathbf {u} + \left ( \frac {c^2}{2RT} - \frac {5}{2} \right ) \nabla \cdot \mathbf {u} \right ) \right ) \right ].\end {align}


$J^{(2)}$


\begin {align}\label {eq:J2} J^{(2)} &= \nabla \cdot \left ( \f {0} \frac { \mu _B }{ p_0 } ( \nabla \cdot \mathbf {u} ) \left ( \frac {c^2}{2RT} - \frac {3}{2} \right ) \mathbf {c} \right ),\end {align}


$\rho $


$\mathbf {u}$


$T$


\begin {align}\int f \{1, \bxi , c^2 / 2\} d\bxi = \{\rho , \rho \mathbf {u}, \frac {3}{2} \rho RT\}.\end {align}


$\mathbf {c} = \bxi - \mathbf {u}$


$\mathbf {q} = \frac {1}{2} \int f c^2 \mathbf {c} d\xi $


$\tau $


$Pr$


$p_0 = \rho RT$


$R$


$b = \frac {2 \pi \sigma ^3}{3m}$


$m$


$\sigma $


$\mu _B$


$f^{(0)}$


\begin {align}f^{(0)} = \frac {\rho }{(2 \pi RT)^{3/2}} \exp \left (-\frac {c^2}{2RT}\right ).\end {align}


\begin {align}\frac {\partial \rho }{\partial t} + \nabla \cdot (\rho \mathbf {u}) &= 0, \label {eq_13}\\ \rho \left ( \frac {\partial \mathbf {u}}{\partial t} + \mathbf {u} \cdot \nabla \mathbf {u} \right ) &= -\nabla \left ( (1 + b \rho \chi ) p_0 - \mu _B (\nabla \cdot \mathbf {u}) \right ) + 2 \nabla \cdot (\mu _s S) + \rho (\mathbf {F}_{\text {att}} + \mathbf {F}_{\text {ext}}),\label {eq_14} \\ \frac {\partial }{\partial t} (\rho E) + \nabla \cdot (\rho E \mathbf {u}) &= -\nabla \cdot \left [ \left ( (1 + b \rho \chi ) p_0 - \mu _B (\nabla \cdot \mathbf {u}) \right ) \mathbf {u} \right ] + 2 \nabla \cdot (\mu _s S \cdot \mathbf {u}) + \rho (\mathbf {F}_{\text {att}} + \mathbf {F}_{\text {ext}}) \cdot \mathbf {u},\label {eq_15}\end {align}


$E = \frac {3RT + u^2}{2}$


$\mu _s$


$S$


\begin {align}S &= \frac {1}{2} \left [ \nabla \mathbf {u} + (\nabla \mathbf {u})^T \right ] - \frac {1}{3} (\nabla \cdot \mathbf {u}) \mathbf {\delta },\end {align}


$\mathbf {\delta }$


$\tau $


$Pr$


\begin {align}\tau = \frac {\mu _s}{p_0} \frac {1}{1 + 0.4 \rho b \chi }, \quad Pr = \frac {5R}{2} \frac {1 + 0.6 \rho b \chi }{1 + 0.4 \rho b \chi } \frac {\mu _s}{\lambda },\end {align}


$\mu _s$


$\mu _B$


$\lambda $


\begin {align}\mu _s =\frac {1}{\chi }\left (1+\frac {2}{5}\rho b\chi \right )^2 \mu ^*+ \frac {3}{5}\mu _B, \quad \mu _B=(\rho b)^2\chi \mu ^*, \quad Pr=\frac {2}{3}\frac {\left (1+\frac {2}{5}\rho b\chi \right )^2+\frac {3}{5}\left (\rho b\chi \right )^2}{\left (1+\frac {3}{5}\rho b\chi \right )^2+\frac {2}{5}\left (\rho b\chi \right )^2},\end {align}


$\mu ^*=\frac {5}{16\sigma ^2}\sqrt {\frac {mk_bT}{\pi }}$


$\mathbf {F}_{\text {att}}$


$\mathbf {F}_{\text {att}}$


\begin {align}\mathbf {F}_{\text {att}} \approx 2a\,\nabla \rho + \kappa \, \nabla (\nabla \cdot \nabla ) \rho , \label {eq_19}\end {align}


$a$


$\kappa $


\begin {align}a = \frac {1}{6} \int _{r>\sigma } \frac {d\phi (r)}{dr} r d\mathbf {r} \ \text { with } \kappa = \frac {1}{30} \ \int _{r>\sigma } \frac {d\phi (r)}{dr} r^3 d\mathbf {r}.\end {align}


$2a\,\nabla \rho $


$\kappa \, \nabla (\nabla \cdot \nabla ) \rho $


$\gamma = \kappa \int _{-\infty }^{+\infty } \left ( \frac {d\rho }{dx} \right )^2 dx$


$a = \frac {4 \pi }{3} \sigma ^3 \epsilon _p$


$\kappa = \frac {4 \pi }{5} \sigma ^5 \epsilon _p$


$p = p_0 (1 + b \rho \chi ) - a \rho ^2$


$\chi $


$\chi = \frac {1 - 0.5 \eta }{(1 - \eta )^3}$


$\eta = 0.25 b \rho $


\begin {align}p = p_0\frac {(1 + \eta + \eta ^2 - \eta ^3)}{(1 - \eta )^3} - a \rho ^2.\end {align}


$\mathbf {F}_{\text {ext}}$


$\mathbf {F}_{\text {att}}$


$\nabla _\xi f$


$N_{th}$


\begin {align}\label {eq:ex_f} f \approx f_N = \omega (v) \sum _{n=0}^{N} \frac {1}{n!} \bd {n}(\mathbf {x},t) : \bh {n}(\bv ),\end {align}


$\bv = (\bxi - \mathbf {u}) / \sqrt {RT}$


$\bh {n}(\bv )$


$n_{th}$


$\omega (v) \equiv \frac {1}{\sqrt {2\pi }^3} \exp (-v^2 / 2) = \frac {\sqrt {RT}^3}{\rho } \f {0}$


$\bd {n}$


\begin {align}\bd {n} = \int f \bh {n}(\bv ) \, d\bv = \frac {\rho }{\sqrt {RT}^3} \frac {1}{\rho }\int f\bh {n}(\bv )\, d\bxi .\end {align}


$\bh {n}(\bv )$


$\omega (v)$


\begin {align}\label {eq:hermite_degfine} \bh {n}(\bv ) = \frac {(-1)^n}{\omega (v)} \nabla ^{(n)} \omega (v).\end {align}


\begin {align}\label {eq:hermite_recurrence} \bh {n+1}_i(\bv ) = \bv _i\bh {n}(\bv ) - n\bdelta _i\bh {n-1}.\end {align}


\begin {align}\bh {0}(\mathbf {v}) &= 1, \\ \bh {1}(\mathbf {v}) &= \mathbf {v}, \\ \bh {2}(\mathbf {v}) &= \mathbf {v}^2 - \mathbf {\delta }, \\ \bh {3}(\mathbf {v}) &= \mathbf {v}^3 - 3 \mathbf {v} \mathbf {\delta }, \\ \bh {4}(\mathbf {v}) &= \mathbf {v}^4 - 6 \mathbf {v}^2 \mathbf {\delta } + 3 \mathbf {\delta }^2,\\ \cdots ,\end {align}


\begin {align}\mathbf {d}^{(0)} &=\frac {\rho }{\sqrt {RT}^3}, \\ \mathbf {d}^{(1)} &= \mathbf {0}, \\ \mathbf {d}^{(2)} &= -\frac {\rho }{\sqrt {RT}^3} \frac {\mathbf {\zeta }}{p_0} , \\ \mathbf {d}^{(3)} &= \frac {\rho }{\sqrt {RT}^3} \frac {\mathbf {Q}}{p_0\sqrt {RT}}, \\ \mathbf {d}^{(4)} &= \frac {\rho }{\sqrt {RT}^3} \left ( \frac {\mathbf {M}}{p_0 RT} + \frac {6 \mathbf {\zeta } \bdelta }{p_0} - 3 \mathbf {\delta }^2 \right ) \\ \cdots ,\end {align}


$\mathbf {\delta }$


$\mathbf {\zeta } = \int f (RT \mathbf {\delta } - \bc ^2) \, d\bxi $


$\mathbf {Q} = \int f \bc ^3 \, d\bxi $


$q_i = \frac {1}{2} Q_{kki}$


$\mathbf {M} = \int f \bc ^4 \, d\bxi $


$\bc ^3$


$c_i c_j c_k$


$\bv \bdelta $


$\bv \bdelta = \frac {1}{3} (v_i \delta _{jk} + v_j \delta _{ik} + v_k \delta _{ij})$


\begin {align}\mathbf {F}\cdot \nabla _\xi f \approx \frac {1}{\sqrt {RT}}\nabla _v f_N&=\frac {1}{\sqrt {RT}}\mathbf {F}\cdot \nabla _{v}\left ( \omega (v)\sum _{n=0}^{N} \frac {1}{n!} \bd {n}:\bh {n}(\bv )\right ) \nonumber \\ & =\frac {1}{\sqrt {RT}}\mathbf {F}\cdot \sum _{n=0}^{N} \frac {1}{n!} \bd {n} \nabla _v\left ( \omega (v)\bh {n}(\bv )\right ) \nonumber \\ & = -\frac {1}{\sqrt {RT}}\omega (v)\sum _{n=0}^{N} \frac {1}{n!} \mathbf {F}\bd {n}:\bh {n+1}(\bv ).\end {align}


\begin {align}\mathbf {F} \cdot \nabla _\xi f \approx -\frac {1}{\sqrt {RT}} \f {0} \left ( \mathbf {F} \cdot \mathbf {v} - \frac {\mathbf {F} \mathbf {\zeta }}{2 p_0} : \bh {3}(\mathbf {v}) + \frac {\mathbf {F} Q}{6 p_0 \sqrt {RT}} : \bh {4}(\bv ) + \cdots \right ).\end {align}


\begin {align}\mathbf {F}\mathbf {\zeta }:\bh {3}(\bv ) &= (F_kv_kv_i - 2F_i)\zeta _{ij} v_j,\\ \mathbf {F}\mathbf {Q}:\bh {4}(\bv )& = (F_kv_kv_i+3F_i)Q_{ijl}v_jv_l+6F_iv_iq_kv_k- 6F_kq_k.\end {align}


$f^{(0)}$


$\mathbf {v}$


$f^{(0)}$


$\mathit {Kn} \to 0$


$\omega ^{-1/2} f$


$\int \omega ^{-1} |f|^2 d\xi < \infty $


$\omega ^{1/2} \equiv (2\pi )^{-3/4} \exp \left (-|\xi - u|^2/(4RT)\right )$


$2T$


\begin {align}\lim _{|\xi | \to \infty } f(\xi ) \exp \left (\frac {|\xi - u|^2}{4RT}\right ) = 0,\end {align}


$f$


$T$


$T_0$


$T_0 \geq \frac {1}{2}T_{\text {max}}^{\text {local}}$


$T_{\text {max}}^{\text {local}}$


$N_{th}$


$N^3$


$(N+1)(N+2)/2$


\begin {align}\omega (v) = \frac {1}{\sqrt {2\pi }^3} \exp \left [{-\frac {(v_x+v_y+v_z)^2}{2}}\right ] = \omega _x\omega _y\omega _z,\end {align}


$\omega _x \equiv \frac {1}{\sqrt {2\pi }}\exp \left ({-\frac {v_x^2}{2}}\right )$


$\omega _y \equiv \frac {1}{\sqrt {2\pi }}\exp \left ({-\frac {v_y^2}{2}}\right )$


$\omega _z \equiv \frac {1}{\sqrt {2\pi }}\exp \left ({-\frac {v_z^2}{2}}\right )$


$n_{th}$


\begin {align}\label {eq:new_hn} \bh {n}(v_x,v_y,v_z) &= \frac {(-1)^n}{\omega (v)} \nabla ^{(n)} \omega (v) \nonumber \\ & = \frac {(-1)^n}{\omega (v)}\left (\partial _x \mathbf {i}+\partial _y\mathbf {j}+\partial _z\mathbf {k}\right )^{n} \omega _x\omega _y\omega _z \nonumber \\ & = \frac {(-1)^n}{\omega (v)} \sum _{r=0}^{n}\sum _{s=0}^{n-r}C_{n}^rC_{n-r}^{s}\partial ^{(r)}_x\partial ^{(s)}_y\partial ^{(t)}_z\omega _x\omega _y\omega _z\mathbf {i}^{r}\mathbf {j}^s\mathbf {k}^t \nonumber \\ & = \sum _{r=0}^{n}\sum _{s=0}^{n-r}\frac {n!}{r!s!t!}\hx {r}\hy {s}\hz {t}\mathbf {i}^{r}\mathbf {j}^s\mathbf {k}^t,\end {align}


$t=n-r-s$


$\hx {n} = \frac {(-1)^n}{\omega _x}\frac {d^{n}\omega _x}{d v_x^n}$


$\hy {n} = \frac {(-1)^n}{\omega _y}\frac {d^{n}\omega _y}{d v_y^n}$


$\hz {n} = \frac {(-1)^n}{\omega _z}\frac {d^{n}\omega _z}{d v_z^n}$


$\mathbf {i},\mathbf {j},\mathbf {k}$


$\left (v_x,v_y,v_z\right )$


\begin {align}\bd {n}:\bh {n}(\bv ) = \sum _{r=0}^{n}\sum _{s=0}^{n-r}C_{n}^rC_{n-r}^{s}\hx {r}\hy {s}\hz {t} d^{(n)}_{x^ry^sz^t}, \quad {\rm with}, \quad d^{(n)}_{x^ry^sz^t} = \int f \hx {r}\hy {s}\hz {t} dv_xdv_ydv_z.\end {align}


$d^{(n)}_{x^ry^sz^t}$


$\bd {n}$


\begin {align}\label {eq:new_ex_f} f\approx f^N =\omega _x\omega _y\omega _z\sum _{n=0}^N\sum _{r=0}^{n}\sum _{s=0}^{n-r}\frac {1}{r!s!t!}\hx {r}\hy {s}\hz {t} d^{(n)}_{x^ry^sz^t}.\end {align}


\begin {align}\frac {d}{dx}\left (\hx {n}\omega _x\right ) = (-1)^n\frac {d^{n+1} \omega _x}{dv_x^n} = - \omega _x\hx {n+1},\end {align}


\begin {align}\mathbf {F}\cdot \nabla _{\xi }f^N =& \left (F_x\partial _{\xi _x} + F_y\partial _{\xi _y} + F_z\partial _{\xi _z}\right ) \omega _x\omega _y\omega _z\sum _{n=0}^N\frac {1}{n!}\sum _{r=0}^{n}\sum _{s=0}^{n-r}\frac {n!}{r!s!t!}\hx {r}\hy {s}\hz {t} d^{(n)}_{x^r y^s z^t} \nonumber \\ =&\frac {1}{\sqrt {RT}}\omega _y\omega _z\sum _{n=0}^N\sum _{r=0}^{n}\sum _{s=0}^{n-r}\frac {1}{r!s!t!}\left (F_x\partial _{v_x}\omega _x\hx {r}\right )\hy {s}\hz {t} d^{(n)}_{x^ry^sz^t}+ \nonumber \\ &\frac {1}{\sqrt {RT}}\omega _x\omega _z\sum _{n=0}^N\sum _{r=0}^{n}\sum _{s=0}^{n-r}\frac {1}{r!s!t!}\left (F_y\partial _{v_y}\omega _y\hy {s}\right )\hx {r}\hz {t} d^{(n)}_{x^ry^sz^t}+\nonumber \\ &\frac {1}{\sqrt {RT}}\omega _x\omega _y\sum _{n=0}^N\sum _{r=0}^{n}\sum _{s=0}^{n-r}\frac {1}{r!s!t!}\left (F_z\partial _{v_z}\omega _z\hz {t}\right )\hx {r}\hy {s} d^{(n)}_{x^ry^sz^t} \nonumber \\ =& -\frac {1}{\sqrt {RT}}\omega (v)\sum _{n=0}^N\sum _{r=0}^{n}\sum _{s=0}^{n-r}\frac {1}{r!s!t!}\left (F_x\hx {r+1}\hy {s}\hz {t}+F_y\hx {r}\hy {s+1}\hz {t}+F_z\hx {r}\hy {s}\hz {t+1} \right )d^{(n)}_{x^ry^sz^t},\end {align}


$t=n-r-s$


\begin {align}\mathbf {F}\cdot \nabla _{\xi }f^N =& -\frac {1}{\sqrt {RT}}\omega _x\omega _y\sum _{n=0}^N\sum _{r=0}^{n} \frac {1}{r!(n-r)!}\left (F_x\hx {r+1}\hy {n-r}+F_y\hx {r}\hy {n-r+1} \right )d^{(n)}_{x^r y^{(n-r)}},\end {align}


$d^{(n)}_{x^r y^{(n-r)}} = \int f \hx {r}\hy {n-r} dv_xdv_y$


\begin {align}\mathbf {F}\cdot \nabla _{\xi }f^N =& -\frac {1}{\sqrt {RT}}\omega _x\sum _{n=0}^N \frac {1}{n!}F_x\hx {n+1} d^{(n)},\end {align}


$d^{(n)} = \int f \hx {n} dv_x$


$f(\bx , \bxi , t)$


\begin {equation}\int _{-\infty }^{\infty } e^{-\xi ^2}\,p(\xi )\,\mathrm {d}\xi \;\approx \; \sum _{i=1}^{N_\xi } w_i\,p(\xi _i), \label {eq:gh_full}\end {equation}


$\{\xi _i\}_{i=1}^{N_\xi }$


$H^{(N_\xi )}(\xi )$


\begin {equation}w_i = \frac {2^{N_\xi -1}N_\xi !\sqrt {\pi }} {N_\xi ^2\left [H^{(N_\xi -1)}(\xi _i)\right ]^2} \label {eq:gh_weights}\end {equation}


$2N_\xi -1$


\begin {align}\label {eq:prob-hermitte} H^{(0)}(\xi )=1,\qquad H^{(1)}(\xi )=2\xi ,\qquad H^{(n+1)}(\xi )=2\xi H^{(n)}(\xi )-2nH^{(n-1)}(\xi ), \quad n\ge 1,\end {align}


$\{\xi _i\}$


$H^{(N_\xi )}(\xi )$


$H^{(N_\xi -1)}(\xi _i)$


$H^{(n)}$


$\omega (\xi )=e^{-\xi ^2}$


$\bh {n}$


$\omega (\xi )=e^{-\xi ^2/2}$


$\xi \;\longmapsto \;\xi /\sqrt {2}\quad \bigl (\text {or}\;\xi \mapsto \sqrt {2}\,\xi \bigr )$


\begin {align}H^{(n)}(\xi ) = 2^{n/2}\bh {n}\left (\xi /\sqrt {2}\right ).\end {align}


$\int _{-\infty }^{\infty }p(\xi )\,\mathrm {d}\xi $


$f(\xi )=e^{-\xi ^2}g(\xi )$


\begin {equation}\int _{-\infty }^{\infty }f(\xi )\,\mathrm {d}\xi \;\approx \; \sum _{i=1}^{N_\xi }w_i\,g(\xi _i) \;=\; \sum _{i=1}^{N_\xi }W_i\,f(\xi _i), \quad W_i = w_i\,e^{\;\xi _i^2}, \label {eq:gh_unweighted}\end {equation}


$W_i$


$\bar u\neq 0$


$\bar \theta \neq 1$


\begin {equation}\xi \;=\;\sqrt {\bar \theta }\,\tilde \xi + \bar u, \label {Xeqn5-45}\end {equation}


\begin {equation}\int _{-\infty }^{\infty }f(\xi )\,\mathrm {d}\xi \;\approx \; \sqrt {\bar \theta }\sum _{i=1}^{N_\xi }W_i\,f\bigl (\sqrt {\bar \theta }\,\tilde \xi _i+\bar u\bigr ), \label {eq:gh_shifted}\end {equation}


$[0,\infty )$


\begin {equation}\int _{0}^{\infty } e^{-\xi ^2}\,p(\xi )\,\mathrm {d}\xi \;\approx \; \sum _{i=1}^{N_\xi } w_i^h\,p(\xi _i), \label {eq:gh_half}\end {equation}
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\begin {align}w_i^h = \int _0^{+\infty } \ell _i(\xi ) e^{-\xi ^2} d\xi \quad \text {with the Lagrange basis function} \quad \ell _i(\xi ) = \prod _{\substack {j=1 \\ j \neq i}}^{N_{\xi }} \frac {\xi - \xi _j}{\xi _i - \xi _j},\end {align}
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\begin {equation}\boldsymbol {\xi }_{\mathbf i} =(\xi _{i_1},\dots ,\xi _{i_d}),\quad W_{\mathbf i} =\prod _{k=1}^d W^{(k)}_{i_k}. \label {Xeqn8-49}\end {equation}
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function f(r,v,?) evolving under streaming and non-local collisions, and a self-consistent body force derived from an intermolecular
potential ¢(r) [9].

Despite its physical fidelity, the non-local Enskog integral requires high-order quadratures, and the Vlasov forcing term demands
evaluation of the velocity-space gradients over an unbounded domain, resulting in high computational costs [10]. While various solu-
tion strategies exist, e.g., statistical particle methods [11,12], moment closures [9,13], Fokker-Planck-Poisson approximations [14],
and spectral discretizations [15,16], significant progress has been made in simplifying the collision operator of the EV equation
using the classic relaxation time approach [8,17-19]. The resulting Enskog-Vlasov-Shakhov model can significantly reduce the com-
putational cost, which has an adjustable Prandtl number and correct transport coefficients, and can also be calibrated for specific
intermolecular potentials. It has recently been validated for non-equilibrium evaporative flows [20,21]. However, computational
efficiency is still hindered by a lack of efficient scheme for the Vlasov forcing term.

The difficulty in efficiently solving EV-type models with a discrete velocity method (DVM) arises from the numerical treatment of
the forcing term. The original EV equation and its kinetic variants can be expressed as:

arf + f : Vrf + (Fatt +Fext) : ng = C[f]» (1)

where F,,; represents an attractive intermolecular force, F.,, denotes an external body force (e.g., gravitational force, electromagnetic
force), and C[f] is a collision operator. For non-equilibrium flows, the forcing term contributes to not only momentum but also
higher-order velocity moments, thereby influences non-equilibrium heat fluxes and other high order moments [22-25]. In addition,
for EV-type models, the attractive force F,,; drives molecules to form liquid-vapor interfaces and shape, density variation, resulting
in surface tension that dominates interfacial dynamics [20,26]. Any inaccuracy in evaluating (F,, + F) - V¢ f can directly affect the
computed mass, momentum, and energy flux.

The numerical difficulty arises from approximating V. f over an unbounded velocity domain. The existing methods for eval-
uating the forcing term can be broadly classified into four categories: equilibrium distribution approximations, Hermite expan-
sions, finite-difference discretizations, and Fourier spectral methods. By separating non-equilibrium and equilibrium components,
e, f=[ 4", Vef =V f94V,f"4, one finds that, for near equilibrium flows, V.f ~ V,f* = —‘5R;T“ £, which admits a
closed-form expression with high efficiency and accuracy [27]. However, this analytic form neglects the non-equilibrium gradi-
ent V. ", essential for capturing highly non-equilibrium transport phenomena. An alternative method commonly applied in the
lattice Boltzmann method is to expand the distribution function into the Hermite polynomial series of molecular velocity & as
[~ Qo) PR exp (-1EP) TN, "ll a®™ : H(g), recovering the mass and momentum equations at second order [28] and the energy
equation at third order [29-31]. But current lattice Boltzmann implementations are restricted to continuous flows [32]. For non-
equilibrium flows, the existing methods rely on the finite-difference approximations requiring very fine velocity discretization and
time steps [20,33] or the Fourier spectral transform [15], resulting in high memory consumption and computational cost. Conse-
quently, none of the existing methods can simultaneously provide accuracy, efficiency, and robustness in simulating non-equilibrium
flows, which demands an improved forcing-term algorithm.

To address this issue, we utilize Hermite expansion in the locally shifted-and-scaled velocity space defined by v = (¢ — u)/ \/E s
where u and T are the local macroscopic velocity and temperature [34]. Unlike the traditional lattice Boltzmann method that expands
f around the molecular velocity & with the weight w(§) = (27)~P/2 exp(—|£|?), our approach uses the local Maxwellian to define
the weight in the velocity space, i.e., o(v) = f%4(RT)?/2/p = (2z)~P/? exp(—|v|?/2). As a result, the zeroth-order Hermite coefficient
coincides exactly with /4, and higher-order coefficients converge at a spectral rate to capture non-equilibrium deviations. By coupling
this expansion with a shifted-and-scaled Gaussian-Hermite quadrature (GHQ) [35-37], we will reduce the required number of discrete
velocities by one to two orders of magnitude and enable the time step up to ten times larger than the finite difference schemes,
without compromising numerical accuracy. Moreover, to ease implementation of high-order expansions, we will derive an explicit
component-wise formulation for the Hermite basis functions and coefficients, which directly yields expressions for every directional
component to avoid manipulation of full tensors. This scheme can automatically generate the expanded terms at an arbitrary order,
greatly streamlining implementation and code maintenance without any additional cost. Although motivated by the Enskog-Vlasov-
Shakhov equation, this scheme can be applied to the generic kinetic models with body forcing term, e.g., gravitational, electrostatic,
electromagnetic, and inertial forces, thus enabling efficient and high-fidelity simulations of a broad range of non-equilibrium flows.

The rest of this paper is organized as follows. Section 2 briefly summarizes the Enskog-Vlasov-Shakhov equation. Section 3 details
the scaled-velocity Hermite expansion for the forcing term. Section 4 constructs the shifted-and-scaled GHQ, and Section 5 presents
the non-dimensionalization process. Section 6 provides numerical validation and analysis, with the conclusions drawn in Section 7.

2. Enskog-Vlasov-Shakhov equation

In dense fluids, intermolecular interactions, including short-range repulsive forces and long-range attractive forces, play an im-
portant role in phase transitions [38,39] and interfacial dynamics [14]. To account for these interactions, the kinetic models for both
dilute and dense gases can be derived from the BBGKY hierarchy [27]. For dense gases, the molecular chaos assumption does not hold,
and the distribution functions of molecules are not independent of each other. Therefore, the evolution equation of the single-particle
distribution function f(r,&,¢) involves the two-particle joint distribution function f@(r,¢, r, &L

9 0 2)
a—{+§~vf+Fext-V¢f=// gé - V(r.r))dE, dr,, 2

where ¢(r,r,) is the intermolecular potential. To further simplify the model, it is necessary to close the equation for f®. For dilute
gases, the distribution functions can be considered not correlated, i.e.,f® ~ f(r,& 1) f(r|, &, ). For dense fluids, the radial distribution

2
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function y(p) is introduced to describe the increase in collision frequency. Therefore, the two-particle distribution function can be
approximated as: f@® ~ )((H%)f(r,g, Hf(r;, &, [40].
In addition, molecular interactions may be separated into the short-range and long-range molecular interactions, so the BBGKY

hierarchy can be simplified to the Enskog-Vlasov equation [6], i.e.,

0
a—]:+<§~Vf+(Fext+Fm)-V€f=JE, 3)

where J is the Enskog collision term,

165 )= [ [+ 30070817 + ok &) = xtr = o0 7,076 = ok e+ K, k. “

o is the molecular diameter, g = &, — & is the relative velocity between two particles, k = (r; — r)/|r; — r| is the unit vector specifying
the relative position between two particles, and & and 5/1 are the post-collision velocities. The long-range attractive force between
molecules F,;, can be expressed as

Fo = —/ n(r + 1" )V (Ir']) dr’, (5)
r|>0
where ¢, (Ir’|) is the long-range attractive potential. In this paper, we use the Sutherland potential,

b =—,(2) Iri>o, ®

where ¢, is the depth of the potential well. As shown, the long-range attractive force between molecules is approximated as a body
force, while the short-range interactions are included in the collision term, considering the effect of molecular volume.

Expanding the Enskog collision term at the spatial location r using a second-order Taylor series and approximating the gradient
of f in the physical space with the equilibrium distribution function ), we obtain the Enskog-Vlasov-Shakhov model [17-19,271,

T N R d @ +T0 473, @)

where J(© describes the Boltzmann collision term for dilute gases, which can be further simplified using the Shakhov model. The
terms J() and J® account for the dense fluid effects as the fluid density increases. The expression for J© is

1 c-q C2
JO=_Z|r—fOf14q-pr —=-5)) 8
el A G )SpORT RT (&)
and the first-order term JO is
3( 2 5 2/( ¢ 2 5
I = —pbyfOle. ( Vin(p?yT) + 2 -2 )VnT+:2(—=:V -2 V. )
pox e \ VI + 5\ 5 2 )V T+ 5\ &7 P VO G ~2))V Y ©)
The second-order term J@ is
2 3
JO_vy. [ rOHB g, < _35)e), 10
S po( u) 2RT 2 )¢ (10)

where p, u, and T represent density, macroscopic velocity, and temperature of the fluid, respectively, with their relation to the
distribution function given by

/f{l,é,c2/2}d§= (9. pu. 3 pRT). (1)

Here,c=&—-u, q= % [r c2cd¢ is the heat flux vector, 7 is the relaxation time, Pr is the Prandtl number, p, = pRT is the ideal gas

3
pressure, R is the gas constant, b = 2”; , m is the molecular mass, ¢ is the molecular diameter, u is the bulk viscosity, and f© is the

equilibrium distribution function, given by

A — exp( ¢ ) 12)
—RTY

T2RT

Through the Chapman-Enskog expansion [19], the macroscopic hydrodynamic equations in the continuum limit can be derived as
follows,

7]
LV (pw) =0, a3
Jdu
p(E tu- Vu) = —V((1+ bp)pg — Hp(V - W) + 2V - (4, S) + p(Fage + Fege), (14)
d
5 PE)+V - (pEw) = -V - [((1+bpx)py — pp(V - W)u] +2V - (S - u) + p(Foqe + Feyy) - 0, 1s)
where E = W is the total energy per unit mass, y; is the shear viscosity, and S is the strain rate tensor, i.e.,
S = %[Vu + (V'] - %(v -3, (16)
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where 8 is the unit tensor. The relaxation time = and Prandtl number Pr can be determined by

b 1, SRI+06pbz s

== r= a7
po 1 +0.4pby 2 14+04pby A°

where the shear viscosity p,, bulk viscosity up, and thermal conductivity 4 are related to the intermolecular interactions. Shan et
al. [19] discussed the effects of different intermolecular potentials, such as the Lennard-Jones potential and hard-sphere potential,
on the transport coefficients. In this work, we use the hard-sphere potential, whose viscosity and heat conductivity are

2
; 5 (14 20b2) + 200b27
SHps g = (pb)> yu’, Pr=3 = ,
(1 + %pbx) +2(pby)?

! 2 z,
Mx—;<1+§pb)() w+ (18)

5 mkpT .
1602
To explain the effect of the attractive force F,,; on equation of state and surface tension, we can further simplify the attractive

force F,; by expanding the density in the physical space using a Taylor series and then obtain:

where y* = is the shear viscosity of a dilute hard-sphere gas.

Fut~2aVp+xV(V-V)p, 19
where the coefficients a and x are computed as integration of the intermolecular potential [41], i.e.,
a=1 / d¢(r) rdr with x = — / d¢(r) rdr. (20)
6 r>oc >0

The first term, 2a Vp, contributes to the non-ideal pressure gradient arising from the attractive tail of the potential, thereby modifying
the equation of state. The second term, x V(V - V)p, represents a capillary force that emerges due to density inhomogeneities within

2
the fluid. The surface tension coefficient can be quantitatively evaluated as y = « f_+°:° (%) dx [19,41]. For the Sutherland potential,

a= 4:636 and k = 4?7[656

Substituting Eq. 19 into Eq. 15, we recover the pressure as p = py(1 + bpy) — ap?, which is the equation of state for a non-ideal gas.
By choosing a different form of y, we can derive different equation of state. In this work, we choose y = 1 05 );’ , where n = 0.25bp, to
obtain the Carnahan-Starling-van der Waals equation of state [42]:

A+n+nt-n>)
S/ e/ il ey 21
s ap 2n

P =D
3. Modelling the forcing term
To describe the effect of external force F,,, and long-range intermolecular attraction F,; on the flow, it is crucial to construct

an accurate and efficient scheme to compute the gradient of the distribution function in the velocity space, i.e., V:f. Following
Grad [34], the distribution function is expanded as an N,;, order Hermite polynomial series,

N
IR Iy =00 Y d0n | HO), 22)
n=0 """

where v = (¢ —u)/V/ RT is the rescaled molecular velocity based on the local macroscopic fluid velocity and temperature, ‘:’ stands

3
for full contraction between two tensors, 7" (v) is the n,, tensorial Hermite polynomial, w(v) = \/L3 exp(—v?/2) = —V’;T 7O is the
2r

weighting function, and the central moments of the distribution function d” are given by

dm = / FH® V) dv = (23)

H™(v) and w(v) are related by
o) ED o
HY"W(v) = ——VWPa(v). 24)
(V)

Consequently, the recurrence formula of the Hermite polynomials [43] can be written as

H" D (v) = v;HO (v) — nd;H"D. (25)
The leading Hermite polynomials can be obtained as

H(O)(V) =1, (26a)

H(l)(V) =v, (26b)

H®(v) = v -8, (26¢)

HO(v) = v* - 3v5, (26d)



Z. Li, S. Li, T. Xiao et al. Journal of Computational Physics 556 (2026) 114812

H®(v) = v* - 6v28 + 35%, (26€)
iR (26f)
and the corresponding central moments are
40 =L (27a)
VRT
db =, (27b)
@=L s (27¢)
RT Po
@=L Q 27d)
VRT PoVRT
65
aw = _"* . < “;IT L 98 352> (27€)
VRT \Po ko

(271)

where § is the unit tensor, { = [ f(RTS — c2) dg is the shear stress, Q = [r c3 d& is the heat transfer tensor, related to the heat flux
vector by ¢; = %Qkki, and M = [ fc* d&, which influences the evolution of heat flux in the moment equations. All tensors and tensor
products above are symmetric. For example, the third-order tensor ¢* denotes the symmetric product c;i¢jck, and the symmetrized
tensor product v is defined by v = %(U,-(Sjk + 08y + v, 6;;) [43,44].

By substituting the expanded distribution function and performing some algebraic and differential calculations, we obtain

N
1 1 n
F.-V.fr Vofy = — w(U)ZFd():H()(V)>

1
F-V
RT VRT < =

N
-Lpy %d(")vu(a)(v)H(”)(V))

V RT n=0 """

N
=——L o Z i'Fd“’) s HD(y), (28)
A /RT =0 n!

Substituting the moments and Hermite polynomials with further simplifications, we get

FoV./~-— f<°><F V-2 3w+ L ) + ) (29)
VRT 2po 6py
The second and third terms can be expanded as
Fg @ HO(v) = (Fopw; = 2F)E,0; (30a)
FQ : HY(v) = (Fvv; + 3F)0Q;;0,0; + 6Fi0;q,v; — 6Fy ;. (30b)

The forcing term is approximated as the product of the equilibrium distribution function ) and a finite-order polynomial of v.
The leading term in parentheses corresponds to the equilibrium contribution when the distribution function is approximated by f©.
The subsequent terms are the higher-order moments of the non-equilibrium distribution function, notably including the stress tensor
and heat flux. This hierarchical construction ensures that the approximation captures the influence of force on not only the conserved
quantities (mass, momentum, energy) but also the higher-order moments of the non-equilibrium distribution function. Crucially, the
formulation exhibits asymptotic consistency: as the Knudsen number Kn — 0, non-equilibrium contributions diminish and it naturally
recovers the equilibrium approximation.

The Hermite series converges when w~!/2 f satisfies the square-integrability condition / @~'| f|?d¢ < o, where the weighting func-
tion w'/2 = (27)~3/* exp (—|& — u|?/(4RT)) corresponds to a thermodynamic equilibrium state at 2T [34]. This imposes the necessary
asymptotic condition

lim f(&)exp ( I ”'2> =0, 31
|él—o0 4RT

requiring f to decay faster than the equilibrium distribution at infinity. While the mean temperature T can generally satisfy Grad’s
13-moment approximation as the reference temperature, the extreme thermal gradients, e.g., across shock waves, necessitate careful
selection of the reference temperature. Convergence under strong temperature gradients requires that the reference temperature 7;
satisfies T, > %T&f;;‘, where Tlf;fl denotes the maximum temperature within the computational domain, as validated in the shock
wave simulations [45,46].

The above approximation of the forcing term is generic and applicable to a range of numerical methods, e.g., discretized velocity
method, discretized unified gas kinetic scheme, and unified gas kinetic scheme. However, the neat tensor denotation is not easy to
be implemented especially for the high order terms. In addition, all the Hermite polynomials and the corresponding moments are

5
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symmetric. For three dimensional simulations, the N,;, order symmetric tensor has N> components, where the number of independent
components is only (N + 1)(N + 2)/2. Therefore, we re-format the above formula as follows to ease implementation.
For the weight function, we have

(v, +v, +0v,)?
w(v) = ! S eXp [— al ; = = 0,0,0,, (32)
V2
2 2 2
where w, = \% exp < Z ), o, = \/;27 exp <—%>, w, = \;E exp <—U—22> Consequently, by definition of n,, order Hermite polynomi-
ya T y4
als, we have
1
H" (v, v,,0,) = ¢ ()) VP a(v)
= g4+ 0.k
= o0 (0,i+0,j+0, ) ©,0,0,
(_])" n n—r
= DI e el S S NNR S Y
o(v) r=0 s=0
n n—-r
(r) () 37351
= z 2 r's't' RV K, (33)
r=0 s=0

—_1)yt d" n d"om n
where t=n—r-—s, h(") = % %, hfv") (w]) h(") (w]) C o £% and i,j,k are the unit coordinate vector of the velocity space
X X y z z

(vys v, ,v;). Substitute Eq. (33) into Eq. (22), we have

n n-r

d” 1w =Y Y C;C,f_rh;’)h(ys)h(;)di",)m,, with, di’j)ySZ, = / FRORY RO dv dv,dv,. (34)
r=0 s=0
The d(',') o 1€ the independent variables of d”. Consequently, the new formula avoids repeated computations. The expansion of

dlstrlbutlon function is rewritten as

n n-r

~ fN _— (r) jy(8) @) 4 (1)
[N =000, Z})Z;) D r'smh’ KO (35)
n=0 r=0 s=0
Substituting Eq. (35) into calculation of the forcing term, and noticing
d (g Y — o, _ (n+1)
E(hx" w,) = (—1)"d—U; = —w, hY, (36)
we have

n n—-r
. N _ (r) (8) 1y (1) 7 (1)
F-V.f _(an,;x + Fdg, + anéz)wxw o, Z - Z Z ESRORO RO

n n—r

ZZZ ¢! v(FXa @ h(r))h(S)h(t)diﬁ) z!
720 r=0 =0 51 »
nh n-—r
- () \ (") jy (1) (1)
T z:‘)z:‘)z r'sw( 100, 0, B VHORDAS)
n=0 r=0 s=0
n n—r
) ) ) g
yZ:’)z(‘)me(Fa @, h >h LR
=0 r=0 s=
n n-r
- (r+1) () (1) () p(s+1) (1) () py(8) pa+1) ) 70
= w(v)zg)zzr'sm(Fxh HORD + F,hDRCHDRO 4+ F,hD A b )dxyz,, (37)
n "7 s

where t = n — r — 5. This equ1valent formula is easy to be implemented for any high order expansion and the independent components
are only calculated once.
The two-dimensional version can be derived similarly. The final formula of the forcing term in two-dimensional case is

N n
voN__ 1 ;( (r+1) p (n—r) ) pn- r+l)) o
F-V. /"= RTa)xa)yr;)Z Tior 1 (EehT TR + F O R Y (38)
where d(’:) - = [ fa R dv,d v, And the one-dimensional version is
F-V /N =- Lo, 2 A a, (39)

VRT

where d® = [ fh"dv,.
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4. Shifted Gaussian-Hermite quadrature

In this work, the equation for f(x,&,7) is solved using a discrete velocity method, where the first step is the discretization of the
velocity space. Since the computational cost of DVM is primarily determined by the number of discrete velocities, for the typically
low-speed transport of dense fluids, the Gaussian-Hermite quadrature can be employed to reduce the velocity-space resolution thereby
the overall cost. The standard Gauss-Hermite quadrature achieves exact integration for the Maxwellian-weighted moments, i.e.,

© Ne
/ PO AE & Y w, plE), (40)
- i=1

00
where {&; }ijfl are the real roots of the Hermite polynomial HV¢(¢) and the weights are given by

2NN

= (41)
for all the polynomials of degree up to 2N, — 1.
The Hermite polynomials defined above satisfy the well-known three-term recurrence
HY%¢ =1, HO®=2  H"D©=2H"-2H"D©. nx1, (42)

which is exploited to locate the quadrature nodes {&;} by finding the roots of H (No(g) and to evaluate HNe _1)(5[). We emphasize that
these Hermite polynomials H® in Eqs. (42) - orthogonal with respect to the weight w(¢) = e~ — differ only by a simple scaling from
the Hermite polynomials % used in Egs. (24, 25), which satisfy orthogonality with w(&) = e~*/2. Indeed, the two sets are exactly
equivalent under the linear transformation & — &/ \/5 (or E \/55), yielding the explicit relation:

H™ &) = 2"/27.[(")(5/\/5)' (43)

For an un-weighted integral /_‘fo p(&) dé, one may set f(&) = et g(&) to obtain

© Ne Ne
/ @~ Y wigE) = Y Wi &), Wi=wef, (44)
- i=1 i=1

which absorbs the Gaussian weights into the modified weights W;. When the dimensionless reference velocity @ # 0 or temperature
6 # 1, accuracy and stability can be further improved by shifting and scaling the velocity variable by

£= Vot 45)
leading to the re-scaled rule

) NC
[ 1@ < VoYW (Vag ). 46)
% i=1

which has been shown to require fewer nodes and enhance numerical robustness in non-equilibrium flow simulations.
In wall-bounded problems, the velocity domain is [0, o), so the half-space Gauss-Hermite quadrature is more efficient, i.e.,

© N¢
/ E p@rde & Y wl p&). “47)
0 i=1

where {¢;} are the roots of half-ranged Hermite polynomials orthogonal on [0, o0) which can be obtained by standard Gram-Schmidt
orthogonalization, and the weights can be determined by

+co Ne _E.
wh = / £.&e < dé  with the Lagrange basis function  ¢,(&) = H § ij , (48)
0 j=1 57 5j
J#i

ensuring the exactness of the quadrature rule for polynomials up to degree 2N, — 1 [47,48]. A shift-scale transform analogous to
Eq. (46) may be applied to improve stability near walls.
For d-dimensional velocity integrals, one assembles tensor-product rules as

d

&=t W= (49)

k=1
In the mixed full/half-space domains, full- or half-space weights can be chosen along each coordinate direction.

7
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5. Non-dimensionalization

We set py, uy = v/2RT,, I, as the reference density, velocity and length for normalization, so

= po/ugf E=uk p=pop, u=ugh, T =TT, F=i2/l,F, v=(&—w/VRT = V2E -/ VT,
d(") - J(")

x’yz’ 3 x'ysz

o+ 4= poRTougd, &= poRTE, g = pouolofiss up = pouolodip, T = lo/ugt. (50)

And Eq. (3) becomes

0f z &F = = & = 0| zo 2¢-q (282 =1 #2)
7V B + Fo) - Ve = - f- fO 1+(1—Pr)5ﬁ0T = -5 +J0 4 JO, (51)
with
T = pobpr @ FO (& ( Vin (74T) + 3(e2_s TinT )+ 2 @ : Vi + a_s Vi (52a)
0 s\t 2 s\t T 2 ’
i 52
FO Z 9% . <f~<0>/f_8vﬁ<;_§>5>. (52b)
Do T 2
The forcing term is normalized as
wll
0 N AN
LF VN =F VS
Po
N n n-r
/2 Zow) » =R <Fxhi’+”h(”h(’> + F RS On® + F, h(’)h(”h(“’”)dg; . (53)
n=0 r=0 s=0 rs
where
7(n) 2N\ [ 50O 0 4E . dE
a0 =(F) | PR dEaEdE.. (54)
which is evaluated numerically using the quadrature rule introduced in Section 4, yielding
Ne Ne, N
o) ANAR AN OE VR (E D
.. =(F) 2D kZ WW, W, f G & EORD GRS ENRDE. 55)
=1J=

According to the kinetic theory, the Knudsen number Kn for dense fluids is defined as
1

Kn=——— (56)
V2retnyml,

where n = p/m is number density normalized as 7i = n/ny = p, and )((n) describes increased collision frequency due to the dense fluid

effect. By introducing the reduced number density n = —o-3n =3 pb =7 pobp with pyb = 45, and confinement ratio R = , Kn can be

reformulated as
1 1 1

LN W U P 4GV 7 4 e A O 1 57)
\/' 6mox) R 5 x(m) 5 x(n) V2 0rmox (o) R

Therefore, the local Knudsen number Kn varies with density when the reference Knudsen number K»™' is fixed [49]. At a gas-
liquid interface, the steep density gradient leads to the significant variation of Kn across the interface.

The shear and bulk viscosities are normalized as
ref V [(

1+ Sn0x () +(4rlox(p)p)] and,  fip = VAT 7 K (3 drop . (58)

- 5
Ay = B){(no)Kn 3

The non-dimensional relaxation time becomes
24 1

7T (1+ Enoxp)

Consequently, the dense fluid flow is also characterized by the reduced density number #, and the confinement ratio R. For the sake
of brevity, the tilde will be omitted from dimensionless quantities hereafter.

(59

7=

6. Numerical simulations

To evaluate the computational accuracy and efficiency of the proposed model for the forcing term, surface-confined flows, phase
transitions and evaporation flows are studied. These simulations provide rigorous analysis for the proposed method for computing
the complex non-equilibrium phenomena of dense fluids. To improve computational efficiency, the reduced distribution functions
are employed for one- and two-dimensional configurations, as presented in [20].

8
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6.1. Surface-confined flows

Surface-confinement effects cannot be ignored when the characteristic size of the flow, such as the channel width and adsorption
layer, is comparable to the fluid molecular diameter. In such flows, the interactions between fluid and surface molecules play a
dominant role in determining the flow behavior. Surface-confined flows exhibit significant density oscillations in the vicinity of
solid surface. These oscillations are caused by spatial variation in molecular interactions near the surface and are indicative of
the breakdown of the continuum hypothesis. Additionally, the molecular slip velocity and temperature jump at the surface further
highlight the non-equilibrium nature of the flows. Accurate modeling of these phenomena is essential for understanding and prediction
of dense fluid behavior in the confined geometries. To validate the proposed numerical model and provide a comprehensive model
analysis for capturing non-equilibrium effects , we consider three representative surface-confined flows, i.e., Fourier flow, Couette
flow, and Poiseuille Flow.

It should be noted that, to mitigate the computational difficulties associated with density inhomogeneity of surface-confined dense
fluids, we follow [18] to use a locally-averaged density to replace the density in Egs. (9)(10), i.e.,

ax) =

3 / n(x +r)dr, with y(n) ~ y(i). (60)
Ir|<o

Therefore, the gradient of density and the radial distribution function also become

120 ri(x +r)dr, with Vy ~ 120 ry(x+r)dr. (61)

Vi~
76> Jirj<o/2 76> Jir<o/2

Furthermore, the relaxation time 7, Prandtl number Pr, and bulk viscosity u are evaluated with the locally-averaged density. While
the intermolecular interactions between surface and fluid molecules are a determining factor for the surface-confined flows, it is
still a research challenge to properly consider the complex fluid/surface interactions [8]. To test and analyze the proposed numerical
model for the forcing term in the kinetic equation, we simply use the Maxwellian diffuse boundary condition for the following surface-
confined flows. To account for the non-equilibrium effects induced by the solid boundaries, the half-ranged Gaussian-Hermite (HGH)
quadrature [47] is employed. The total number of HGH discrete velocities is N; ~ 2N + 2, where N is the Hermite expansion order.
The steady-state solutions are obtained by a semi-implicit iteration scheme [17,18].

The accuracy of the computed results is assessed by comparing them with the high-resolution reference solutions obtained using
uniform discrete velocities. The physical domain is resolved with a grid resolution of ¢ = 1006x, where éx is the grid spacing. The
integral domain of the Vlasov force is truncated to [-5¢, 5¢]. The velocity space is uniformly-discretized along ¢, and ¢, using 150
discrete velocity points, with the domain truncated to [—5u, 5u,] in each direction. For the velocity-space integrals, second-order
trapezoidal integration is employed. To approximate the velocity-space gradients V. f, a 4th order central difference scheme is used.
This high-resolution finite-difference (FD) solution serves as the benchmark reference to evaluate the proposed model.

6.1.1. Fourier flow

Consider a steady, two-dimensional Fourier flow confined between two infinite stationary horizontal plates at different tem-
peratures, i.e., TP at the bottom plate and TP at the top plate. The simulations are conducted for 5, = 0.1, R = 10, Kn™' ~ 0.09;
o = 0.2, R = 10, Kn™ ~0.032; and 5, = 0.2, R = 20, Kn"l ~ 0.016. Additionally, three distinct temperatures, i.e., T = 1.1, 1.3, and
1.5 are considered with T?°t = 1. The forcing term in the governing equation is approximated using the Hermite polynomials, with
the expansion order increased iteratively until convergence to capture the non-equilibrium effect caused by the molecular interaction
F,.. To improve computational efficiency, the classical Gaussian-Hermite quadrature is shifted, with the shifted quantities set to
6 =T and i = 0.

Fig. 1 illustrates the density and temperature profiles for the Fourier flow, showing excellent agreement between the present
method and the highly-accurate reference solutions. Due to the long-range intermolecular attractive forces, the density oscillations
near the wall are attenuated. By varying the confinement ratio and reduced density, and consequently the Knudsen number, the
transition from non-equilibrium to continuum flow regimes is systematically examined. As Kn'f decreases with increasing 7, and
R, the temperature jump at the boundaries diminishes, and the temperature profile evolves from highly nonlinear to nearly linear,
consistent with the continuum theory.

As the Knudsen number decreases, fewer discrete velocities and lower expansion orders are required, reducing the overall degrees
of freedom and memory cost. For Kn'f ~ 0.09, the convergence is achieved with a 6th-order expansion and 14 x 14 discrete velocity
points. For Kn™f ~ 0.032 and Kn™ ~0.016, a 4th order expansion and 10 x 10 discrete velocity points are sufficient. This trend
highlights the multiscale nature and efficiency of the proposed Hermite expansion method in accurately capturing the flow behavior
across a range of Knudsen numbers. The simulation results further indicate that, although no external force is imposed in the Fourier
flow, intermolecular interactions act effectively as a body force and generates non-equilibrium effects, which necessitate a sufficiently
high-order expansion of the forcing term for accurate simulations.

6.1.2. Couette flow

Consider a steady, two-dimensional Couette flow confined between two infinite, isothermal and horizontal plates moving in the
opposite directions at a constant speed, with UP®t = (U, 0) for the bottom plate and U'P = (U,,0) for the top plate. The simu-
lations are conducted for three different Knudsen numbers, i.e., , = 0.1, R = 10, Kn'ef =0.09; o =0.2, R =10, Kn'¢f =0.032; and
o = 0.2, R =20, Kn™f =0.016. Additionally, three flow velocities are simulated, i.e., U, = 0.1, 0.3, and 0.5.

9
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Fig. 1. The density (first column) and temperature (second column) profiles of Fourier flows. The results in the first, second, and third rows
correspond to 7, = 0.1, R =10, Kn* ~0.09; 7, =02, R =10, Kn* ~0.032; and 5, = 0.2, R =20, Kn™f ~0.016, respectively. The solid lines
denote the results obtained using the uniform velocity-space discretization with 150 discrete velocities and the 4th central difference scheme for
V. f, while the circles indicate the results using the half-range Gaussian-Hermite quadrature. The distribution function is expanded to 6th, 4th, and
4th orders for Kn™ = 0.09, Kn™f = 0.032, and Kn™' = 0.016, respectively, with 14 x 14, 10 x 10, and 10 x 10 discrete velocities.

Fig. 2 presents the density, velocity, and temperature profiles of the Couette flow, which are in excellent agreement with the
highly-accurate reference solutions. As the reduced density increases and the confinement ratio grows, Knudsen number becomes
smaller, resulting in a reduction in slip velocity and temperature jump at the boundaries. The velocity profile evolves from non-linear
to linear, and the temperature profile becomes more parabolic, similar to a continuum Couette flow.

At a fixed Knudsen number, increasing velocity of the upper plate amplifies viscous dissipation, leading to enhanced temperature
in the center. The increase in temperature subsequently affects the density distribution, i.e., smaller density in the center and larger
density near the plates. As Kn™! decreases, the effects of viscous dissipation become more pronounced, resulting in greater variations
in the temperature and density distributions.

When Kn decreases, the computational cost becomes smaller as the Hermite expansion order and the number of discrete velocities
can be smaller. For Kn™ ~ 0.09 and Kn™f ~ 0.032, the distribution function converges with a 6th order expansion and 14 x 14 discrete
velocities. For Kn™f ~ 0.016, a 4th order expansion and 10 x 10 discrete velocities suffice. This reduction highlights the multiscale
nature and efficiency of the proposed method in accurately capturing flow physics across a wide range of Knudsen numbers.
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Fig. 2. The density (first column), velocity (second column), and temperature (third column) profiles of Couette flows. The results in the first,
second, and third rows correspond to 5, = 0.1, R = 10, Kn™ = 0.09; 5, = 0.2, R = 10, Kn™f ~ 0.032; and 5, = 0.2, R =20, Kn™f ~ 0.016, respectively.
The solid lines denote the results obtained using the uniform velocity-space discretization with 150 discrete velocities and the 4th order central
difference scheme for V efs while the circles indicate the results based on the half-range Gaussian-Hermite quadrature. The distribution function
is expanded to 6th, 6th, and 4th orders for Kn™ = 0.09, Kn'f = 0.032, and Kn™f = 0.016, respectively, with 14 x 14, 14 x 14, and 10 x 10 discrete

velocities.
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Fig. 3. The density (first column), velocity (second column), and temperature (third column) profiles of Poiseuille flow. The results in the first,
second, and third rows correspond to 5, = 0.1, R = 10, Kn™f ~ 0.09; 5, = 0.2, R = 10, Kn" ~ 0.032; and 5, = 0.2, R = 20, Kn"' ~ 0.016, respectively.
The solid lines denote the results obtained using the uniform velocity-space discretization with 150 discrete velocities and the 4th order central
difference scheme for V, f, while the circles indicate the results based on the half-range Gaussian-Hermite quadrature. The distribution function
is expanded to 8th, 6th, and 5th orders for Kn™f = 0.09, Kn'f = 0.032, and Kn™f = 0.016, respectively, with 18 x 18, 14 x 14, and 12 x 12 discrete
velocities.
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6.1.3. Poiseuille flow

Driven by an external force F,,, = (F',0), a steady Poiseuille flow confined between two infinite, stationary and isothermal
horizontal plates is simulated. In the incompressible continuum limit, the velocity profile becomes parabolic. The simulations are
performed for 5y = 0.1, R = 10, Kn™f ~ 0.09; 5, = 0.2, R = 10, Kn™f ~ 0.032; and 55, = 0.2, R = 20, Kn™f ~ 0.016, with the external force
being F:’“ =0.1,0.2,0.3 for Kn"™ ~0.09 and 0.032, and Ff"‘ =0.05,0.1,0.15 for Kn' ~ 0.016. The forcing term in the governing
equation is approximated by the Hermite polynomials. We systematically increase the Hermite expansion order to ensure convergence
and to accurately capture the non-equilibrium effects of the Poiseuille flow. For the cases with large flow velocities, a shifted Gaussian-
Hermite quadrature is employed to increase computational efficiency, with the shift determined by the maximum temperature, § =
T™3 and the average velocity, & = u™°. Note, the forcing term here includes the external force F, and the long-range intermolecular
interactions.

Fig. 3 shows the excellent agreement between the present method and the reference solutions. For large K»™f, the temperature
profile exhibits a distinct double-peak profile, a hallmark of non-equilibrium Poiseuille flow. As Kn™ decreases, the double-peak
feature in the temperature profile diminishes and the velocity profile becomes more parabolic, with reduction in the slip velocities
and temperature jumps at the walls. The viscous dissipation becomes more pronounced with increasing external force and reducing
K nref .

As Kn™f decreases, lower expansion orders and fewer discrete velocities are required for convergence, i.e., for K™ ~ 0.09, 8th
order expansion and 18 x 18 discrete velocities; for Kn™! ~ 0.032, 6th order expansion and 14 x 14 discrete velocities; for Kn"f ~ 0.016,
5th order expansion and 12 x 12 discrete velocities. Therefore, the present method is able to efficiently and accurately capture flow
physics across a wide range of Kn™f.

To further evaluate the computational efficiency in comparison with the 4th order central difference method, the simulations
are conducted using the uniform discrete velocities with 20, 50, 100, and 120 velocity points respectively, alongside the Gaussian-
Hermite quadratures using 8, 14 and 18 discrete velocities. These configurations correspond to algebraic accuracies of 7th, 13th and
17th orders, together with the Hermite expansion orders of 3rd, 6th and 8th respectively. The results, shown in Fig. 4, highlight the
superior precision of the present method, which achieves comparable accuracy with significantly fewer discrete velocities.

Table 1 compares the computational efficiency of the present method with the classical 4th order central difference scheme. The
temperature error of the proposed method, defined by

remains below 0.5% in all the cases. With the same time step Az, the proposed method achieves up to one order of magnitude
acceleration owing to the reduced number of discrete velocities. The speedup is smaller than the reduction of number of discrete
velocities because the evaluation of high-order moments introduces additional computational cost. As the reference Knudsen number
decreases, fewer discrete velocities and lower expansion orders are required for convergence, which further increases the overall
acceleration. The method also exhibits enhanced numerical stability, allowing larger time steps, and requires fewer iterations to
reach steady convergence. Consequently, the total computational time is reduced in comparison with the uniform discretisation,
e.g., for Kn™f ~ 0.016, the speedup is 566. These results demonstrate the substantial efficiency advantage of the proposed method
over the 4th order central difference method. For the conventional DVM-type iterative solvers, the slow convergence and restrictive
time-step requirement at small Knudsen numbers could be further alleviated by incorporating advanced acceleration strategies such
as the General Synthetic Iterative Scheme (GSIS), which is expected to substantially reduce the iteration count and provide additional
speedup [50,51].

1024 — UNI20 FD 4t
UNI 50 FD 4t
— UNI 100 FD 4t
— 1074 — UNI 120 FD 4t
= - HGH 8 N=3
_ll \ - HGH 14 N=6
107 4 - HGH 18 N=8
107 5
B
ylo

Fig. 4. In comparison with the highly-accurate reference temperature of the Poiseuille flow at , = 0.1, R =10, K nf ~ 0.09, er’“ =0.3.
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Table 1
Comparison of the computational time for the Poiseuille flow at F** = 0.3 and F®™* = 0.15.
Kn'f Method Discrete velocities Discrete velocities Expansion order Ar/Ax Iterative step CPU time (s) Speedup ratio Temperature error (%)
number number reduction factor
Uniform 150 x 150 — — 1 24104 35226.6 — —
0.09 1 24104 3451.71 10.20
HGH 18x 18 64.31 8 ’ | 0.34
10 2231 346.06 101.79
Uniform 150 x 150 — — 1 19540 31921.46 — —
0.032 1 19540 975.76 32.71
HGH 14 x 14 114.7 6 . . 0.28
10 1954 97.5 327.40
Uniform 150 x 150 — — 1 55040 199342.58 —- —
0.016 1 55040 3531.47 56.44
HGH 12x12 156.25 5 : . 0.42
10 5504 352.17 566.04
0.8 e
—— Liquid
0.7 Vapor
0.6
0.5
Q 0.4 1
0.3
0.2
0.1 1
0.0

T T T T T T T
0.45 0.50 0.55 0.60 0.65 0.70 0.75
T

Fig. 5. Liquid-vapor coexistence curve at equilibrium: the solid lines are the numerical results of the present method while the circles are the
solutions of Eq. (62).

6.2. Phase transition and interfacial dynamics

When the system temperature is below the critical temperature, a liquid-vapor interface emerges, characterized by a significant
density contrast between the phases, resulting in molecular mean free paths differing by several orders of magnitude. The vapor phase
adjacent to the interface, called Knudsen layer, is rarefied which cannot be described by the continuum theory. In this section, the
proposed method will be validated and analyzed for liquid-vapor coexistence at equilibrium and non-equilibrium evaporative flows.

6.2.1. Liquid-vapor coexistence at equilibrium

Under a given temperature, equilibrium between the liquid and vapor phases is established when the liquid evaporates and
reaches its saturation pressure. At this equilibrium state, the temperature T, pressure p, and chemical potential ¢, of both phases are
identical [52]. The equilibrium conditions for hard sphere molecules are given by

T=T,=T, (62a)
ki (Lng g =m) 4703
P Ty 3
kg (1+'71+'712_'713) 4dre3 ,
=p By~ 17 , 62b
P m ! (1—711)3 3 I ( )
8—9ng+3n§
¢c = kBTg ﬂgw +11'11’]g - 16€png
8 — 9 + 3n?
=kgT; ”IW +Inny, [ —16e,n;, (62¢)
—-m

where the subscripts g and / denote the quantities associated with the vapor and liquid phases, respectively.
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Fig. 6. The density (top left) and temperature (top right) profiles and the relative errors in density (bottom left) and temperature (bottom right)
for the liquid-vapor coexistence at equilibrium.

The simulations are conducted with the reduced density parameter 5, = pyb/4 = 7 /6, the molecular diameter of the reference
length (/I = 1), and the computational domain is [-60c, 60c] with 6 = 105x, where 6x is the spatial interval. The boundary condition
is periodic. The Gaussian integration with eight discrete velocities is employed under equilibrium conditions (6 = 7% and i = 0), while
the initial density field is set as
=

2
Fig. 5 shows that the computed liquid-vapor coexistence curve at equilibrium agrees well with the solution of Eq. (62).

To assess the accuracy of different discretization strategies for evaluating the velocity-space gradient V. f, we conduct a systematic
comparison with a highly-accurate reference solution using the 4th order central difference scheme, which is computed with 128
uniformly distributed velocity points in the velocity interval [—5u, 5u,]. Three approaches are tested: (1) the 2nd order central
difference scheme with 48, 96, and 160 velocity points; (2) the 4th order central difference scheme with 32 and 64 velocity points;
and (3) the present method with Oth order expansion and 6 or 8 Gauss-Hermite quadrature points. In all the cases, the physical space
is discretized with ¢ = 10 6x.

As illustrated in Fig. 6, the 2nd order scheme exhibits slow convergence, requiring over 160 velocity points to achieve acceptable
accuracy. The 4th order scheme improves convergence, but still suffers from large errors in temperature with 32 velocity points. By
contrast, the present method achieves significantly more accurate results with only 6-8 quadrature points.

Ps [tanh(x + 305) — tanh(x — 305)]. (63)

p(x) =p, +

6.2.2. Non-equilibrium evaporative flow
Here, non-equilibrium evaporative flows are considered to evaluate the proposed method. The simulation setup is illustrated in
Fig. 7. The simulations are performed with the reduced density number of #, = py,b/4 = 7 /6, and the computational domain extends
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Fig. 7. The schematic diagram of one dimensional non-equilibrium evaporative flow.

from —25¢ to 25¢. The reference length / is set to be 50¢, with the molecular diameter of the reference length ¢ /I, = 0.02. The initial
conditions are T' = 0.5, p, = 0.012, p; = 0.719. The density distribution is initialized as

p(x) = py + l 7 Pe [tanh (x + %a) — tanh (x - %o)]. (64)

In the region where x € (20, 20), the fluid properties are held constant with 7, = 0.5, p; = 0.719, and u; = 0. At the boundaries,

the density, temperature, and velocity are fixed at p;, = % pg> Ty = 0.25, and u), = 0, respectively. The boundary conditions for the
distribution function are defined as

L _ Py _52

f(-E,f)—WeXP< _2Tb>’ >0, (65)
L .,\_ &

f(E"f)_WCXP(_Z_Tb)’ <o (c0)

A scaled Gaussian-Hermite quadrature (8 = 0.5, = 0) with eight discrete velocities is employed to discretize the velocity space,
and the forcing term is expanded to 3rd order. For comparison, the gradient V. f is also computed using a 4th order central difference
scheme with 100 uniformly distributed velocity points over the interval [—5u, Suy], and the results serve as the reference solution.
The transient results are computed using a first-order Euler time integration scheme combined with a 2nd order finite difference
scheme for convection [20]. The spatial and temporal intervals are set as 6x = 6/10, 6¢/6x =~ 9.279 x 1072, respectively. Fig. 8 shows
the evolution of the flow field with the unity ¢ corresponding to 5 x 10* simulation time steps. As the liquid begins to evaporate, the
liquid-vapor interface shifts inward and eventually reaches a steady state. Rapid variations of the macroscopic quantities are observed
near the interface. At various time steps, the results obtained with the scaled Gaussian-Hermite quadrature are in excellent agreement
with those obtained by the uniformly discretized method, confirming the accuracy of the present method.

To further assess the impact of the non-equilibrium effects of the forcing term, the simulations are carried out using Oth, 2nd,
3rd, and 4th, respectively as shown in Fig. 9 (left). The Oth order expansion, corresponding to an equilibrium approximation of the
distribution function, exhibits significant errors. Fig. 9 (right) shows significant variation of Kn across the interface, indicating strong
non-equilibrium effect at the interface and Knudsen layer. As the expansion order increases, the higher-order moments which are
essential for non-equilibrium effects can be captured well.

High-order expansions are essential in the regions with strong non-equilibrium effects, particularly in the Knudsen layer, while
lower-order expansions may be sufficient in other regions. To further improve computational efficiency, we introduce an adaptive
Hermite expansion strategy that dynamically adjusts the expansion order in space and time. The expansion is terminated locally once
the relative change between successive approximations satisfies

ILf=swll <e
A1
where ¢ = 1073, This adaptive approach allows the solver to retain high-order accuracy in the strong non-equilibrium regions while
avoiding unnecessary computations in near-equilibrium zones.

To verify the accuracy and efficiency of this adaptive approach, we consider a test case with a reduced vapour density at the
outlets, p, = %pg, while keeping all the other parameters unchanged. The reference solution is obtained using 128 uniformly spaced
velocity points and a 4th order central difference scheme for V. f. The present method employs 10 Gauss-Hermite nodes, with the
expansion order determined adaptively at each point in space and time according to the above convergence criterion.

Fig. 10 presents the evolution of density, velocity, and temperature during the evaporation process. Due to the lower vapour
density at the outlet, the fluid molecules evaporate from the liquid more rapidly, and the interface exhibits steep gradients in both
density and temperature. The adaptive scheme provides accurate results in excellent agreement with the reference solution.

To further analyze the adaptive scheme, we extract the local expansion order and Knudsen number at t = 4. As shown in Fig. 11,
the expansion order remains low (mostly Oth order) within the liquid, where local Knudsen numbers are small. By contrast, near
the interface and in the vapor phase, the required expansion order increases notably. This is due to the enhanced non-equilibrium
effects, which stem from the combination of steep gradients in macroscopic quantities across the interface and the pronounced drop
in density. These results confirm that the adaptive scheme can effectively capture multiscale features of the flow, maintaining high
accuracy while significantly reducing computational cost.
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Fig. 8. Density (top left), velocity (top right) and temperature (bottom) of evaporative flow varying with time at p, = %pg. Unit time 7 corresponds
to 5 x 10* simulation steps.
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Fig. 9. Temperature (left) and Kn number (right) distribution of evaporative flow under various expansion order at r = 5.
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Fig. 11. Convergence order (left) and Kn number (right) distribution of evaporative flow under various expansion order at r = 4.
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7. Conclusions

This work presents a novel numerical model for the forcing term to improve accuracy and efficiency of the kinetic simulations,
which has been validated and analyzed for surface-confined non-equilibrium flows (Fourier, Couette, and Poiseuille flows), phase
transition, and non-equilibrium evaporative flows. Compared with the conventional 4th order central difference method employing
uniform velocity-space discretization, the present method, combined with the rescaled Gaussian-Hermite quadrature, requires fewer
discrete velocity points and permits larger temporal intervals, thus achieving computational speedup of approximately two- to three-
order of magnitude for two-dimensional cases. Therefore, the proposed model can provide an accurate and efficient computational
tool to tackle phase transition, non-equilibrium evaporative flows and surface-confined flows at the micro- and nano-scales.
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