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Gaseous flows under an external force are intrinsically defined by their multi-scale nature due to the large vari-
ation of densities along the forcing direction. Devising a numerical method capable of accurately and efficiently
solving force-driven cross-scale flow dynamics, encompassing both continuum and rarefied regimes, continues
to pose a formidable and enduring challenge. In this work, a novel solution algorithm for multi-scale and non-
equilibrium flow transport under an external force is developed based on the Boltzmann-BGK equation. The core
innovation lies in the fusion of the Hermite spectral method (employed to characterize non-equilibrium parti-
cle distributions) with a multi-scale evolution model (sourced from the unified gas-kinetic scheme), achieving a
seamless connection between computational methods and physical models. To accommodate the properties of the
spectral-collocation method, a series of collocation points and weights are adapted based on the Gauss-Hermite
quadrature. As a result, the computational efficiency of the solution algorithm is significantly improved (up to 50
times) while maintaining comparable accuracy as the classical discrete velocity method. It is demonstrated that
the solution algorithm effectively preserves the key structural features of gas-dynamic systems subjected to an
external force, e.g., the well-balanced property. Extensive numerical experiments have been performed to ver-
ify the accuracy and efficiency of the proposed method, including the one-dimensional hydrostatic equilibrium
problem, the Sod shock tube, the Fourier flow, the Poiseuille flow, and the Rayleigh-Taylor instability problem.
The proposed methodology can provide substantive theoretical insights into a wide range of engineering chal-
lenges involving force-driven multi-scale flows. The open-source codes to reproduce the numerical results are

Keywords:

Computational fluid dynamics
Boltzmann equation

Kinetic theory

Gas kinetic scheme
Well-balanced method

available under the MIT license https://github.com/CFDML/Hermite-UGKS.

1. Introduction

Classical gas dynamics is established based on corresponding charac-
teristic scales. At the spatial and temporal scales of molecular mean free
path and collision time, the Boltzmann equation is established to sta-
tistically describe the transport of a vast ensemble of particles, thereby
depicting fluid motions at the kinetic scale. At a macroscopic level, the
Navier-Stokes equations are used to characterize the collective behav-
iors of particle transport, e.g., phenomena involving wave propagation
and interaction. Scale separation provides the foundation for the appli-
cability of different models, especially for shifting from intricate molec-
ular descriptions to manageable continuum models. Numerical meth-
ods for computational fluid dynamics have been developed for solving
the governing equations at different scales, e.g., the discrete velocity
method for the Boltzmann equation [1] and the Riemann-problem-based
flux solver for compressible Navier-Stokes equations [2].

The principle of scale separation is not universally applicable. An
easily overlooked example is gaseous flows under external force. It can
be theoretically demonstrated that the density and pressure of gases
are exponentially distributed under a unidirectional constant external
force [3]. The exponential factor manifests as ah/RT, with a being the
magnitude of forcing acceleration, h the length of the domain, T the
temperature, and R the gas constant. In an ordinary laboratory environ-
ment, the factor is moderate, and thus, classical gas dynamics routinely
ignores the effects of external force. As we focus on large-scale flows,
e.g., atmospheric circulation, the influence exerted by the external force
cannot be disregarded. Comparable scenarios may occur at small scales
accompanied by large accelerations, e.g., Vlasov-type forces in plasmas
and dense gases [4]. Note that the acceleration of a non-inertial frame
also gives rise to fictitious forces, e.g., centrifugal and Coriolis forces.
The study of gas dynamics under an external force is both a fascinating
research pursuit and of notable engineering significance.
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$2\times 2$


$ah/RT$


$a$


$h$


$T$


$R$


$N_c \rightarrow 0$


$O(\Delta \mathbf v)$


$\mathbf v\in (-\infty ,\infty )^3$


\begin {equation}\frac {\partial f}{\partial t} + \mathbf v\cdot \nabla _{\mathbf x}f+\mathbf a\cdot \nabla _{\mathbf v}f=\mathcal Q(f), \label {eq:boltzmann}\end {equation}


$f(t,\mathbf x,\mathbf v)$


$\mathbf v$


$\mathbf a$


$\mathcal Q$


\begin {equation}\mathcal Q(f)=\nu (\mathcal M - f), \label {eq:bgk}\end {equation}


$\nu $


$\mathcal M$


\begin {equation}\mathcal M = \rho \left (\frac {m}{2\pi k T}\right )^{3/2} \exp (-\frac {m}{2kT} \left (\mathbf v - \mathbf V)^2 \right ), \label {eq:M0}\end {equation}


$m$


$k$


$\{\rho ,\mathbf V,T\}$


\begin {equation}\mathbf {W}(t, \mathbf {x})=\left (\begin {array}{c} \rho \\ \rho \mathbf {V} \\ \rho E \end {array}\right ) = \int _{\mathbb R^3} f \psi d \mathbf {v}, \label {eq:WM}\end {equation}


$\psi =(1,\mathbf v,\mathbf v^2/2)^T$


\begin {equation}\int _{\mathbb R^3} \mathcal Q(f) \psi d\mathbf v = 0. \label {Xeqn5-5}\end {equation}


\begin {equation}\begin {aligned} &\frac {\partial \rho }{\partial t} + \nabla _{\mathbf x} \cdot (\rho \mathbf V)=0, \\ &\frac {\partial \rho \mathbf V}{\partial t} + \nabla _{\mathbf x} \cdot (\rho \mathbf V \otimes \mathbf V)+\nabla _{\mathbf x} \cdot \mathbf P=\rho \mathbf a, \\ &\frac {\partial \rho E}{\partial t} + \nabla _{\mathbf x} \cdot (\rho E\mathbf V)+\nabla _{\mathbf x} \cdot (\mathbf P \cdot \mathbf V)+\nabla _{\mathbf x} \cdot \mathbf q=\rho \mathbf V \cdot \mathbf a, \end {aligned} \label {eq:conservation laws}\end {equation}


$\otimes $


$\mathbf P$


$\mathbf q$


\begin {equation}\mathbf P=\int _{\mathbb R^3} (\mathbf v-\mathbf V)\otimes (\mathbf v-\mathbf V)fd\mathbf v, \quad \mathbf q=\int _{\mathbb R^3} \frac {1}{2}(\mathbf v-\mathbf V)(\mathbf v-\mathbf V)^2fd\mathbf v. \label {Xeqn7-7}\end {equation}


$N_x$


\begin {equation}{\mathbf {\Omega }} = \bigcup _{i=1}^{N_{x}} {\mathbf {\Omega }}_{i}, \quad \bigcap _{i=1}^{N_{x}} {\mathbf {\Omega }}_{i} = \emptyset . \label {Xeqn8-8}\end {equation}


$N_v$


\begin {equation}\begin {aligned} \frac {\partial f_{i,j}}{\partial t} &= -\frac {1}{V_{i}} \oint _{\partial \mathbf \Omega _i} \mathbf F^f_j(t,\mathbf x) \cdot d\mathbf S + G(f_{i,j}) + \mathcal Q(f_{i,j}) \\ &= -\frac {1}{V_{i}} \sum _{k=1}^{N_f} \mathbf F_{k,j}^f \cdot \Delta \mathbf S_k - \mathbf a \cdot \nabla _{\mathbf v_j} f_{i,j} +\nu _i ({\mathcal M}_{i,j} - f_{i,j}), \end {aligned} \label {eq:fvm micro}\end {equation}


$f_{i,j}$


$j$


$i$


$V_i$


$\mathbf F^f$


$\mathbf S=\mathbf n \Delta S$


$N_f$


$G$


\begin {equation}\begin {aligned} \frac {\partial {\mathbf W}_{i}}{\partial t} &= -\frac {1}{V_{i}} \oint _{\partial \mathbf \Omega _i} \mathbf F^W \cdot d\mathbf S + \mathbf G_i = -\frac {1}{V_{i}} \sum _{k=1}^{N_f} \mathbf F_{k}^W \cdot \Delta \mathbf S_k + \mathbf G_i, \end {aligned} \label {eq:fvm macro}\end {equation}


$\mathbf G=(0,\rho \mathbf a,\rho \mathbf V\cdot a)^T$


$\mathbf \Omega _i$


\begin {equation}{\mathbf W}_{i} = \int _{\mathbb R^3} f_{i} \psi d \mathbf {v} \approx \sum _{j=1}^{N_{v}} w_j f_{i,j} \psi _j, \label {eq:moment_closure}\end {equation}


$w_j$


$\Delta t$


\begin {equation}\label {eq:f-IMEX} \frac {f_{i,j}^{\,n+1}-f_{i,j}^{\,n}}{\Delta t} = -\frac {1}{V_i}\sum _{k=1}^{N_f}\mathbf F_{k,j}^f\cdot \Delta \mathbf {S}_k - \mathbf {a}\!\cdot \!\nabla _{\mathbf v_j} f_{i,j}^{\,n} + \nu _i\bigl (\mathcal M_{i,j}^{\,n+1} - f_{i,j}^{\,n+1}\bigr ),\end {equation}


\begin {equation}f_{i,j}^{\,n+1} =\left (\frac {1}{1+\nu _i\Delta t}\right )\left (f_{i,j}^{\,n} - \dfrac {\Delta t}{V_i}\sum _{k=1}^{N_f}\mathbf F_{k,j}^f\cdot \Delta \mathbf {S}_k - \Delta t\,\mathbf {a}\!\cdot \!\nabla _{v_j} f_{i,j}^{\,n} + \Delta t\,\nu _i\,\mathcal M_{i,j}^{\,n+1}\right ). \label {eq:update}\end {equation}


$\mathcal M^{n+1}$


\begin {equation}\mathbf W_i^{\,n+1} = \mathbf W_i^{\,n} - \frac {\Delta t}{V_i}\sum _{k=1}^{N_f}{\mathbf {F}}_{k}^\mathbf W\cdot \Delta \mathbf {S}_k + \Delta t\,G_i. \label {eq:macro_update}\end {equation}


$\mathbf W^{n+1}$


$\mathcal M^{n+1}$


\begin {equation}f(t,\mathbf x,\mathbf v)=\frac {1}{\tau }\int _{t^{0}}^{t} \mathcal M (t^{\prime },\mathbf x^{\prime },\mathbf v^{\prime })e^{-(t-t^{\prime })/\tau }dt^{\prime }+e^{-(t-t^{n})/\tau }f(t^{0},\mathbf x^{0},\mathbf v^{0}), \label {eq:integral}\end {equation}


$\tau =1/\nu $


$\mathbf x'=\mathbf x-\mathbf v'(t-t')-\frac {1}{2}\mathbf a(t-t')^2$


$\mathbf v'=\mathbf v-\mathbf a(t-t')$


$\{\mathbf x^0=\mathbf x-\mathbf v^0(t-t^0)-\frac {1}{2}\mathbf a(t-t^0)^2,\mathbf v^0=\mathbf v-\mathbf a(t-t^0)\}$


$i$


$i+1$


$\mathbf x_{i+1/2}=0$


$n$


$t^n=0$


\begin {equation}f(t,0,\mathbf v_j)=\frac {1}{\tau }\int _{0}^{t} \mathcal M (t^{\prime },\mathbf x^{\prime },\mathbf v^{\prime }_j)e^{-(t-t^{\prime })/\tau }dt^{\prime }+e^{-t/\tau }f(0,\mathbf x^{0},\mathbf v^0_{j}). \label {eq:integral1}\end {equation}


\begin {equation}f(0,\mathbf x,\mathbf v_{j})=f_0(\mathbf x,\mathbf v_j)=\begin {cases}f_{i+1/2,j}^I+\boldsymbol \sigma _{i,j} \cdot \mathbf x,\quad &\mathbf x \in \mathbf \Omega _i,\\ f_{i+1/2,j}^O+\boldsymbol \sigma _{i+1,j} \cdot \mathbf x,\quad &\mathbf x\in \mathbf \Omega _{i+1},\end {cases} \label {Xeqn17-17}\end {equation}


$\{f^I_{i+1/2},f^0_{i+1/2}\}$


$\mathbf x_{i+1/2}$


$\mathbf \Omega _i$


$\{\boldsymbol \sigma _{i},\boldsymbol \sigma _{i+1}\}$


$\mathbf v_k^0$


\begin {equation}\mathcal M(t,\mathbf x,\mathbf v) \approx \begin {cases} \mathcal M_{0}(1+\boldsymbol \theta _{i}\cdot \mathbf x+\phi t),\quad &\mathbf x \in \mathbf \Omega _i,\\ \mathcal M_{0}(1+\boldsymbol \theta _{i+1}\cdot \mathbf x+\phi t),\quad &\mathbf x\in \mathbf \Omega _{i+1},\end {cases} \label {eq:M}\end {equation}


$\mathcal M_0$


$\{t=0,\mathbf x=0\}$


\begin {equation}\begin {aligned} \int _{\mathbb R^3}\mathcal M_0 \psi d\mathbf v&=\int _{\mathbf v\cdot \mathbf n\ge 0} f^I_{i+1/2} \psi d\mathbf v+\int _{\mathbf v\cdot \mathbf n < 0} f^O_{i+1/2} \psi d\mathbf v \\ &\simeq \sum _{\mathbf v_j\cdot \mathbf n\ge 0} w_j f^I_{i+1/2,j} \psi _j + \sum _{\mathbf v_j\cdot \mathbf n< 0} w_j f^O_{i+1/2,j} \psi _j. \end {aligned} \label {Xeqn19-19}\end {equation}


$\boldsymbol \theta $


$\phi $


$\mathbf W$


$\boldsymbol \theta $


$\phi $


\begin {equation}\nabla _{\mathbf x} \mathbf W = \int _{\mathbb R^3} \boldsymbol \theta \mathcal {M}_0\psi d\mathbf v, \quad \frac {\partial \mathbf W}{\partial t}=\int _{\mathbb R^3} \phi \mathcal {M}_0\psi d\mathbf v. \label {eq:wxwt}\end {equation}


$\psi $


\begin {equation}\boldsymbol {\theta } = \hat {\boldsymbol {\theta }} \cdot \psi , \quad \phi = \hat {\phi } \cdot \psi , \label {eq:theta}\end {equation}


$\hat {\boldsymbol {\theta }}$


$\hat {\phi }$


\begin {align}& \nabla _\mathbf x \mathbf W = \Biggl (\int \mathcal M(\mathbf v)\,\psi (\mathbf v)\psi (\mathbf v)^T\,d\mathbf v \Biggr )\hat \theta , \label {eq:WX1} \\ & \frac {\partial \mathbf W}{\partial t}=\Biggl (\int \mathcal M(\mathbf v)\,\psi (\mathbf v)\psi (\mathbf v)^T\,d\mathbf v\Biggr )\hat \phi .\end {align}


$\hat \theta $


\begin {equation}\hat \theta (\mathbf v)=\left (\int \mathcal M(\mathbf v)\,\psi (\mathbf v)\psi (\mathbf v)^T\,d\mathbf v\right )^{-1}\,\nabla _\mathbf x \mathbf W, \label {Xeqn22-23}\end {equation}


$\nabla _\mathbf x \mathbf W$


\begin {equation}\begin {aligned} \frac {\partial \mathbf W}{\partial t} &= -\int _{\mathbb R^3} \mathbf v \cdot \nabla _{\mathbf x}{\mathcal M}\psi d\mathbf v-\int _{\mathbb R^3} \mathbf a \cdot \nabla _{\mathbf v}{\mathcal M}\psi d\mathbf v \\ &\approx -\int _{\mathbb R^3} \mathbf v \cdot \boldsymbol {\theta }\mathcal M_0 \psi d\mathbf v-\int _{\mathbb R^3} \mathbf a \cdot \nabla _{\mathbf v}{\mathcal M}\psi d\mathbf v, \end {aligned} \label {Xeqn23-24}\end {equation}


$\nabla _{\mathbf v}{\mathcal M}$


\begin {equation}\hat \phi =\left (\int \mathcal M(\mathbf v)\,\psi (\mathbf v)\psi (\mathbf v)^T\,d\mathbf v\right )^{-1}\frac {\partial \mathbf W}{\partial t}. \label {eq:phi}\end {equation}


\begin {align}f(t,0,\mathbf v_{j})&=\left (1-e^{-t/\tau }\right )\mathcal M_{0,j}+\left (\tau (-1+e^{-t/\tau })+te^{-t/\tau }\right )\boldsymbol \theta _{i,i+1}\cdot \mathbf v_{j}\mathcal M_{0,j}\notag \\ &-\left [\tau \left (\tau (-1+e^{-t/\tau })+te^{-t/\tau }\right )+\frac {1}{2}t^2e^{-t/\tau }\right ]\boldsymbol \theta _{i,i+1}\notag \\ &\quad \cdot \mathbf a \mathcal M_{0,j}+\tau \left (t/\tau -1+e^{-t/\tau }\right )\phi \mathcal M_{0,j}\notag \\ &+e^{-t/\tau }\left [\left (f_{i+1/2,j^0}^I-\left (\mathbf v_j t-\frac {1}{2}\mathbf a t^2\right )\cdot \boldsymbol \sigma _{i,j^0}\right )H\left (-\mathbf v_j t+\frac {1}{2}\mathbf at^2\right )\right .\notag \\ &\left .+\left (f_{i+1/2,j^0}^O-\left (\mathbf v_j t-\frac {1}{2}\mathbf a t^2\right )\cdot \boldsymbol \sigma _{i+1,j^0}\right )\left (1-H\left (-\mathbf v_j t+\frac {1}{2}\mathbf a t^2\right )\right )\right ]\notag \\ &=\widetilde {m}_{j}+\widetilde {f}_{j}, \label {eq:integral2}\end {align}


\begin {align}H(\mathbf x)=\begin {cases} 1,\quad &\mathbf x \in \mathbf \Omega _i,\\ 0,\quad &\mathbf x\in \mathbf \Omega _{i+1}.\end {cases} \label {Xeqn26-27}\end {align}


\begin {align}&\mathbf F^f=\mathbf v f(t,0,\mathbf v),\nonumber \\ &\mathbf F^W=\int _{\mathbb R^3} \mathbf v f(t,0,\mathbf v) \psi d\mathbf v. \label {Xeqn27-28}\end {align}


$N_m$


\begin {align}f(t,\mathbf {x},\mathbf {v})\approx f_{N_m} =\omega (\mathbf {u}) \sum _{n=0}^{N_m} \frac {1}{n!}\mathbf {d}^{(n)}(t,\mathbf {x}) : \mathcal {H}^{(n)}(\mathbf {u}), \label {eq:ex_f}\end {align}


$\mathbf u=(\mathbf v-\mathbf V)/\sqrt {RT}$


$R$


$\omega (\mathbf u)\equiv \frac {1}{\sqrt {2\pi }^D} \exp (-\frac {\mathbf u^2}{2})$


$D$


$:$


$n$


\begin {equation}\mathcal {H}^{(n)}(\mathbf {u}) = \frac {(-1)^n}{\omega (\mathbf {u})}\nabla _{\mathbf u}^{(n)}\omega (\mathbf {u}), \label {Xeqn29-30}\end {equation}


\begin {equation}\mathcal {H}^{(n+1)}(\mathbf {u}) = \mathbf {u}\mathcal {H}^{(n)}(\mathbf {u}) - n\boldsymbol {\delta }_i\mathcal {H}^{(n-1)}(\mathbf {u}), \label {Xeqn30-31}\end {equation}


$\mathcal {H}^{(0)}=1$


$\mathcal {H}^{(1)}=\mathbf {u}$


$\boldsymbol {\delta }$


\begin {equation}\begin {aligned} \mathbf {d}^{(n)}(t,\mathbf {x}) &= \int _{\mathbb R^D} f\bigl (t,\mathbf {x},\mathbf v(\mathbf u)\bigr ) \mathcal H^{(n)}(\mathbf u)\,d\mathbf u\\ &= \frac {1}{(RT)^{D/2}}\int _{\mathbb R^D} f(t,\mathbf {x},\mathbf v) \mathcal H^{(n)}\bigl (\mathbf u(\mathbf v)\bigr )\,d\mathbf v\\ &\approx \frac {1}{(RT)^{D/2}}\sum _{j=1}^{N_v} w_j^{(\mathbf v)}f_j\mathcal H_j^{(n)} . \end {aligned} \label {eq:hermite_coeff}\end {equation}


$N_m=0$


$f_{N_m}$


\begin {align}\mathbf {a}\cdot \nabla _{\mathbf v} f \approx &\frac {1}{\sqrt {RT}}\mathbf {a}\cdot \nabla _{\mathbf u}\left ( \omega (\mathbf u) \sum _{n=0}^{N_m} \frac {1}{n!} \mathbf d^{(n)}(t,\mathbf {x}) : \mathcal H^{(n)}(\mathbf u)\right ) \nonumber \\ =& \frac {1}{\sqrt {RT}} \mathbf {a}\cdot \sum _{n=0}^{N_m} \frac {1}{n!} \mathbf d^{(n)}(t,\mathbf {x}) : \mathcal \nabla _{\mathbf u} \left ( \omega (\mathbf u) H^{(n)}(\mathbf u)\right ) \nonumber \\ =& -\frac {1}{\sqrt {RT}}\omega (\mathbf u) \sum _{n=0}^{N_m}\frac {1}{n!} \mathbf {a\otimes d}^{(n)}(t,\mathbf {x}) : \mathcal H^{(n+1)}(\mathbf u).\end {align}


\begin {align}& \mathbf {a}\cdot \nabla _{\mathbf {v}}f \approx -\frac {1}{\sqrt {RT}}\,\mathcal M \Bigl ( \mathbf {a}\cdot \mathbf {u} + \frac {\mathbf {a\otimes \mathbf T}}{2\rho RT} : \mathcal {H}^{(3)}(\mathbf {u}) \nonumber \\ &\quad + \frac {\mathbf {a\otimes Q}}{6\rho (RT)^{3/2}} : \mathcal {H}^{(4)}(\mathbf {u}) +\dots \Bigr ), \label {eq:hermite1}\end {align}


\begin {equation}\mathbf T=\int _{\mathbb R^3} RT f(\mathbf u \otimes \mathbf u-\boldsymbol \delta )d\mathbf v, \quad \mathbf Q=\int _{\mathbb R^3} (RT)^{3/2} f(\mathbf u \otimes \mathbf u\otimes \mathbf u)d\mathbf v. \label {eq:modified stress heat}\end {equation}


$(N_m+1)$


$\omega ^{-1/2}f$


\begin {equation}\lim \limits _{|\mathbf v| \to \infty } f \exp \left (\frac {|\mathbf {v}-\mathbf {V}|^2}{4RT}\right ) = 0. \label {Xeqn34-36}\end {equation}


$\exp \left (-{|\mathbf {v}-\mathbf {V}|^2}/{4RT}\right )$


$2T$


$T$


\begin {equation}\int _{\mathbb R^3} g(\mathbf v) f(\mathbf v) d\mathbf v \approx \sum _j^{N_v} w_j g(\mathbf v_j) f(\mathbf v_j), \label {Xeqn35-37}\end {equation}


$g$


$\mathbf v$


$w_j$


$\mathbf v_j$


\begin {equation}{|\epsilon | \le C(\Delta v)^p\max _{v\in [-V,V]}|I^{(p)}(v)|,} \label {Xeqn36-38}\end {equation}


$I$


$p$


$C$


\begin {equation}{\int _{-\infty }^\infty e^{-v^2} I(v)\,dv \approx \sum _{j=1}^{N_v} w_j I(v_j).} \label {Xeqn37-39}\end {equation}


$N_v$


$N_v$


\begin {equation}{ w_j=\frac {2^{N_v-1}N_v!\sqrt {\pi }} {N_v^2[H_{N_v-1}^{\mathrm {phys}}(v_j)]^2}, \qquad H_{N_v}^{\mathrm {phys}}(v_j)=0.} \label {Xeqn38-40}\end {equation}


$e^{-v^2}$


\begin {equation}\begin {aligned} I^\star (v)=e^{v^2}I(v), \quad \int _{-\infty }^\infty I(v)\,dv =\int _{-\infty }^\infty e^{-v^2}I^\star (v)\,dv \approx \sum _{j=1}^{N_v}w_jI^\star (v_j). \end {aligned} \label {Xeqn39-41}\end {equation}


$2N_v-1$


$N$


$N$


\begin {equation}\rho =\rho _0 \exp \left (\frac {ax}{RT}\right ), \quad \mathbf V=0, \quad p=p_0 \exp \left (\frac {ax}{RT}\right ), \label {eq:hydrostatic}\end {equation}


$\{\rho _0,p_0\}$


$T$


\begin {equation}G=-\mathbf {a}\cdot \nabla _{\mathbf {v}}f = -\frac {au}{{RT}}\,\mathcal M, \label {Xeqn41-43}\end {equation}


\begin {equation}\mathbf {G}=\int G\psi d\mathbf v=\left (\begin {array}{c} 0 \\ \rho {a} \\ \rho Ua \end {array}\right )=\left (\begin {array}{c} 0 \\ \rho {a} \\ 0 \end {array}\right ). \label {Xeqn42-44}\end {equation}


$\tau \rightarrow 0$


\begin {equation}f=\mathcal M_0(1+t\phi ). \label {Xeqn43-45}\end {equation}


\begin {equation}-\int u \partial _{x}{\mathcal M}\psi du-\int a \partial _{v}{\mathcal M}\psi du=\frac {\partial W}{\partial t}=\int \phi \mathcal M\psi du. \label {Xeqn44-46}\end {equation}


\begin {equation}\begin {aligned} &\frac {\partial \mathcal M}{\partial x}=\frac {1}{\rho }\frac {\partial \rho }{\partial x}\mathcal M+\frac {1}{2\lambda }\frac {\partial \lambda }{\partial x}\mathcal M-(u^2-2uU+U^2)\frac {\partial \lambda }{\partial x}\mathcal M+2\lambda (u-U)\frac {\partial U}{\partial x}\mathcal M, \\ &\frac {\partial \mathcal M}{\partial u}=-2\lambda (u-U)\mathcal M, \end {aligned} \label {Xeqn45-47}\end {equation}


$\lambda =1/(2RT)$


\begin {equation}\phi =0. \label {Xeqn46-48}\end {equation}


\begin {equation}\begin {aligned} &\mathbf F^f=u\mathcal M_0, \\ &\mathbf F^W = \int _{-\infty }^\infty u \mathcal M_0 \psi du=\left (\begin {array}{c} 0 \\ \rho RT \\ 0 \end {array}\right ). \end {aligned} \label {Xeqn47-49}\end {equation}


\begin {align}& \int _{x_{i-1/2}}^{x_{i+1/2}} \mathbf G_i^{\rho U}dx=\int _{x_{i-1/2}}^{x_{i+1/2}} \rho a dx \nonumber \\ &\quad = RT(\rho _{x_{i+1/2}}-\rho _{x_{i-1/2}})=-(\mathbf F^{\rho U}_{i-1/2}-\mathbf F^{\rho U}_{i+1/2}). \label {Xeqn48-50}\end {align}


$N$


$N$


$N$


$N$


$N$


$N$


$\{\rho , \mathbf V, T\}$


$f$


$\mathcal {M}$


$f_{i,j}$


$\{f^I_{i+1/2,j}, f^O_{i+1/2,j}\}$


$\mathbf x_{i+1/2}$


$\mathcal M_0$


$\boldsymbol \theta $


$\phi $


$F_f$


$F_W$


$\mathcal M^{n+1}$


$\Delta t$


\begin {equation}\begin {aligned} &\tilde t = \frac {t}{L_0/V_0}, \ \tilde {\mathbf x} = \frac {\mathbf x}{L_0}, \ \tilde {\rho } = \frac {\rho }{\rho _0}, \ \tilde {\mathbf V} = \frac {\mathbf V}{V_0}, \ \tilde {T} = \frac {T}{T_0}, \ \tilde {E} = \frac {E}{V_0^2}, \ \\ &\tilde {\mathbf P} = \frac {\mathbf P}{\rho _0 V_0^2}, \ \tilde {\mathbf q} = \frac {\mathbf q}{\rho _0 V_0^{3}}, \ \tilde {\mathbf v} = \frac {\mathbf v}{V_0}, \ \tilde f = \frac {f}{\rho _0 /V_0^3}, \
a_0=\frac {V_0^2}{L_0},\
\tilde {\mathbf a}=\frac {\mathbf a}{a_0} =\frac {L_0\mathbf a}{V_0^2}, \
\label {eq:non-dimensionalization} \end {aligned}\end {equation}


$V_0=\sqrt {2kT_0/m}$


\begin {equation}\mathrm {Kn}=\frac {\ell _0}{L_0}=\frac {V_0}{L_0 \nu _0}, \label {Xeqn50-52}\end {equation}


$\ell _0=V_0/\nu _0$


$\nu _0$


\begin {equation}\begin {aligned} \mu _{ref} &= \frac {5 (\alpha + 1) (\alpha + 2) \sqrt {\pi }}{4 \alpha (5 - 2\eta ) (7 - 2\eta )} \, \mathrm {Kn}, \end {aligned} \label {Xeqn51-53}\end {equation}


$\tau $


\begin {equation}\begin {aligned} \tau =\frac {2\mu _{ref}}{\rho } T^{\eta -1}. \end {aligned} \label {Xeqn52-54}\end {equation}


$\alpha $


$\alpha =1$


$\omega $


$\eta =0.81$


$f = \exp (-\frac {1}{4}u^2)$


$f = \exp (-\frac {1}{4}u^2)(1+0.5\sin (u))$


$f = \exp (-\frac {1}{4}(u-2)^2) +\frac {1}{2}\exp (-\frac {1}{4}(u+2)^2)$


$f = \exp (-\frac {1}{4}u^4)$


$O(10)$


\begin {equation}\rho _0=\exp (ax),\quad U_0=0,\quad p_0=\exp (ax). \label {Xeqn53-55}\end {equation}


\begin {equation}p= p_{0}(x)+0.01e^{-100(x-0.5)^2}. \label {Xeqn54-56}\end {equation}


\begin {equation}\left (\begin {array}{c} \rho \\ U \\ p \\ \end {array}\right )_{{t=0,x<0.5}}=\left (\begin {array}{c} 1 \\ 0 \\ 1 \\ \end {array}\right ), \quad \left (\begin {array}{c} \rho \\ U \\ p \\ \end {array}\right )_{{t=0,x\ge 0.5}}=\left (\begin {array}{c} 0.125 \\ 0 \\ 0.1 \\ \end {array}\right ). \label {Xeqn55-57}\end {equation}


$x$


$(r,\theta )$


\begin {equation}\rho _{0}(r)= e^{-\alpha (r+r_0)}, \quad p_{0}(r)=\frac {1.5}{\alpha } e^{-\alpha (r+r_0)}, \quad \mathbf V_{0}=0, \label {Xeqn56-58}\end {equation}


\begin {equation}\begin {aligned} \alpha =&2.68,r_0=0.258,\quad r\le r_1, \\ \alpha =&5.53,r_0=-0.308,\quad r> r_1, \end {aligned} \label {Xeqn57-59}\end {equation}


\begin {equation}\begin {aligned} r_1=&0.6(1+0.02 \cos (20\theta )),\quad \text {for density},\\ r_1=&0.62324965,\quad \text { for pressure}. \end {aligned} \label {Xeqn58-60}\end {equation}


\begin {equation}\Vert {f-\mathcal M}\Vert _2, \label {Xeqn59-61}\end {equation}


$\Vert \cdot \Vert _2$


$L^2$


\begin {equation}\mathcal {H}^{(n)}(\mathbf {u}) = \frac {(-1)^n}{\omega (\mathbf {u})}\nabla _{\mathbf u}^{(n)}\omega (\mathbf {u}), \label {Xeqn60-A.1}\end {equation}


$\omega (\mathbf {u})\equiv \frac {1}{{\sqrt {2\pi }}^D}\exp \left (-\frac {\mathbf {u}^2}{2}\right )$


$D$


$\mathbf {u} = (\mathbf {v}-\mathbf {V})/\sqrt {RT}$


\begin {equation}\begin {split} & \mathcal {H}^{(n+1)}(\mathbf {u})_{i_1 \dots i_{n+1}} = u_{i_1} \mathcal {H}^{(n)}_{i_2 \dots i_{n+1}} - \delta _{i_1 i_2} \mathcal {H}^{(n-1)}_{i_3 \dots i_{n+1}}\\ &\quad - \delta _{i_1 i_3} \mathcal {H}^{(n-1)}_{i_2 i_4 \dots i_{n+1}} - \cdots - \delta _{i_1 i_{n+1}} \mathcal {H}^{(n-1)}_{i_2 \dots i_n}, \label {eq:DH} \end {split}\end {equation}


$\{i_1,i_2,\dots ,i_{n+1}\}$


$\delta $


\begin {equation}\begin {aligned} &\mathcal {H}^{(0)}(\mathbf {u}) = 1, \\ &\mathcal {H}^{(1)}(\mathbf {u}) = \mathbf {u}, \\ &\mathcal {H}^{(2)}(\mathbf {u}) = \mathbf {u}\otimes \mathbf {u} - \delta , \\ &\mathcal {H}^{(3)}(\mathbf {u}) = \mathbf {u}\otimes \mathbf {u}\otimes \mathbf {u} - 3\mathbf {u}\otimes \delta , \\ &\mathcal {H}^{(4)}(\mathbf {u}) = \mathbf {u}\otimes \mathbf {u}\otimes \mathbf {u} \otimes \mathbf {u} - 6\mathbf {u}\otimes \mathbf {u}\otimes \delta + 3\delta \otimes \delta , \\ &\dots \label {eq:H} \end {aligned}\end {equation}


\begin {align}&\mathbf {u}\otimes \mathbf {u}\otimes \mathbf {u}\otimes \mathbf {u} = u_iu_ju_ku_l,\\ &\mathbf {u}\otimes \delta = (u_i\delta _{jk}+ u_j\delta _{ik}+u_k\delta _{ij})/3.\end {align}


$D$


$f$


\begin {equation}f \approx f_{N_m}= \omega (\mathbf {u})\sum _{n=0}^{N_m} \frac {1}{n!} \mathbf d^{(n)}:\mathcal {H}^{(n)}(\mathbf {u}), \label {eq:fn}\end {equation}


\begin {align}\mathbf {d}^{(n)}(t,\mathbf {x}) &=\int _{\mathbb R^D}f(t,\mathbf {x},\mathbf v(\mathbf u)) \mathcal H^{(n)}(\mathbf u)\,d\mathbf u \nonumber \\ &=\frac {1}{(RT)^{D/2}}\int _{\mathbb R^D} f(t,\mathbf {x},\mathbf v) \mathcal H^{(n)}(\mathbf u(\mathbf v))\,d\mathbf v \nonumber \\ &\approx \frac {1}{(RT)^{D/2}}\sum _{j=1}^{N_v} w_j^{(\mathbf v)}f_j\mathcal H_j^{(n)}. \label {eq:dn}\end {align}


\begin {align}d^{(0)}(t,\mathbf {x}) &=\frac {\rho }{(RT)^{D/2}} \approx \frac {1}{(RT)^{D/2}}\sum _{j=1}^{N_v} w_j^{(\mathbf v)}f_j, \\[3mm] \mathbf d^{(1)}(t,\mathbf {x}) &=\frac {1}{(RT)^{(D+1)/2}}\int _{\mathbb R^D} f(\mathbf v)(\mathbf v-\mathbf V)\,d\mathbf v =\mathbf 0, \\[3mm] \mathbf d^{(2)}(t,\mathbf {x}) &=\frac {\mathbf T}{(RT)^{D/2+1}} \nonumber \\ &\approx \frac {1}{(RT)^{D/2}}\sum _{j=1}^{N_v} w_j^{(\mathbf v)}f_j \bigl (\mathbf u_j\otimes \mathbf u_j-\boldsymbol \delta \bigr ).\end {align}


$\mathbf T$


$\omega (u) \equiv \frac {1}{\sqrt {2\pi }} \exp \left (-\frac {u^2}{2}\right ), u = {(v - V)}/{\sqrt {RT}}.$


\begin {equation}\mathcal H^{(n+1)}(u) = u\,\mathcal H^{(n)}(u) - n\,\mathcal H^{(n-1)}(u), \quad n \ge 1. \label {eq:DH1}\end {equation}


\begin {align}&\mathcal H^{(0)} = 1 \nonumber \\ & \mathcal H^{(1)}=u \nonumber \\ & \mathcal H^{(2)}=u^2-1 \\ & \mathcal H^{(3)}=u\mathcal H^{(2)}-2\mathcal H^{(1)}=u=u^3-3u \nonumber \\ & \mathcal H^{(4)}=u\mathcal H^{(3)}-3\mathcal H^{(2)}=u^4-6u^2+3 \nonumber \\ &\dots \nonumber \end {align}


$D$


$N$


$\binom {N+D-1}{N}$


$N+1$


$(N+1)(N+2)/2$


$n$


\begin {equation}\mathcal H^{n}_{x^r y^s}, \qquad r+s=n, \label {Xeqn65-A.10}\end {equation}


$\binom {n}{r}$


\begin {equation}\mathcal H_{xyy} =\mathcal H_{yyx} =\mathcal H_{yxy} \equiv \mathcal H_{x y^2}. \label {Xeqn66-A.11}\end {equation}


$n$


\begin {equation}\mathcal H^{n}_{x^r y^s z^t}, \qquad r+s+t=n, \label {Xeqn67-A.12}\end {equation}


$\frac {n!}{r!,s!,t!}$


$\omega (\mathbf {u})\equiv \frac {1}{{{2\pi }}}\exp \left (-\frac {\mathbf {u}^2}{2}\right )$


${u}_x = (v_x-{V}_x)/\sqrt {RT}$


${u}_y = (v_y-{V}_y)/\sqrt {RT}$


\begin {align}\text {1st order:}\quad \nonumber &\mathcal H^{(1)}_{x} = u_x, \nonumber \\ &\mathcal H^{(1)}_{y} = u_y, \nonumber \\[6pt] \text {2nd order:}\quad \nonumber & \mathcal H^{(2)}_{x^2} =\left (\mathcal H^{(1)}_x\right )^2-1=u_x^2-1, \nonumber \\ &\mathcal H^{(2)}_{xy} =\mathcal H^{(1)}_x\mathcal H^{(1)}_y = u_x u_y, \nonumber \\ &\mathcal H^{(2)}_{y^2} =\left (\mathcal H^{(1)}_y\right )^2-1 = u_y^2 - 1, \nonumber \\[6pt] \text {3rd order:}\quad \nonumber & \mathcal H^{(3)}_{x^3} = \mathcal H^{(1)}_x\mathcal H^{(2)}_{x^2} - 2\mathcal H^{(1)}_x = u_x^3 - 3u_x, \nonumber \\ &\mathcal H^{(3)}_{x^2 y}=\mathcal H^{(1)}_x\mathcal H^{(2)}_{xy} - \mathcal H^{(1)}_y = u_x^2 u_y - u_y, \\ &\mathcal H^{(3)}_{x y^2} = \mathcal H^{(1)}_x\mathcal H^{(2)}_{y^2} = u_x u_y^2 - u_x, \nonumber \\ &\mathcal H^{(3)}_{y^3} =\mathcal H^{(1)}_y\mathcal H^{(2)}_{y^2}-2\mathcal H^{(1)}_y = u_y^3 - 3u_y, \nonumber \\[6pt] \text {4th order:}\quad \nonumber &\mathcal H^{(4)}_{x^4} =\mathcal H^{(1)}_x\mathcal H^{(3)}_{x^3} - 3\mathcal H^{(2)}_{x^2}= u_x^4 - 6u_x^2 + 3, \nonumber \\ &\mathcal H^{(4)}_{x^3 y} =\mathcal H^{(1)}_x\mathcal H^{(3)}_{x^2 y} - 2\mathcal H^{(2)}_{xy}= u_x^3 u_y - 3u_x u_y, \nonumber \\ &\mathcal H^{(4)}_{x^2 y^2} =\mathcal H^{(1)}_x\mathcal H^{(3)}_{x y^2} - \mathcal H^{(2)}_{y^2}= u_x^2 u_y^2 - u_x^2 - u_y^2 + 1, \nonumber \\ &\mathcal H^{(4)}_{x y^3} =\mathcal H^{(1)}_x\mathcal H^{(3)}_{y^3} = u_x u_y^3 - 3u_x u_y, \nonumber \\ &\mathcal H^{(4)}_{y^4} =\mathcal H^{(1)}_y\mathcal H^{(3)}_{y^3} - 3\mathcal H^{(2)}_{y^2}= u_y^4 - 6u_y^2 + 3, \nonumber \\[6pt] \dots \nonumber \end {align}


$\mathbf b^{(n+1)} =\operatorname {Sym}\!\left (\mathbf a\otimes \mathbf d^{(n)}\right )$


\begin {equation*}b^{(n+1)}_{i_0i_1\cdots i_n} =\frac {1}{n+1}\sum _{k=0}^{n} a_{i_k}\, d^{(n)}_{i_0\cdots \widehat {i_k}\cdots i_n}.\end {equation*}


\begin {equation}a\,\partial _v f_{N_m} =-\frac {\omega (u)}{\sqrt {RT}} \sum _{n=0}^{N_m}\frac {1}{n!} b^{(n+1)}H^{(n+1)}(u). \label {Xeqn68-A.14}\end {equation}


\begin {align}\mathbf a\cdot \nabla _{\mathbf v}f_{N_m} ={}&-\frac {\omega (\mathbf u)}{\sqrt {RT}} \sum _{n=0}^{N_m}\sum _{r=0}^{n+1} \frac {n+1}{r!\,s!}\, b^{(n+1)}_{x^r y^s} \mathcal H^{(n+1)}_{x^r y^s}.\end {align}


$s=n+1-r$


\begin {align}\mathbf a\cdot \nabla _{\mathbf v}f_{N_m} ={}&-\frac {\omega (\mathbf u)}{\sqrt {RT}} \sum _{n=0}^{N_m}\sum _{r=0}^{n+1} \sum _{s=0}^{n+1-r} \frac {n+1}{r!\,s!\,t!}\, b^{(n+1)}_{x^r y^s z^t} \mathcal H^{(n+1)}_{x^r y^s z^t}.\end {align}


$t=n+1-r-s$

https://orcid.org/0000-0001-9127-9497
https://github.com/CFDML/Hermite-UGKS
mailto:txiao@imech.ac.cn
https://doi.org/10.1016/j.cpc.2026.110365
https://doi.org/10.1016/j.cpc.2026.110365
http://crossmark.crossref.org/dialog/?doi=10.1016/j.cpc.2026.110365&domain=pdf

S. Liu, Z. Li, Y. Zhang et al.

Table 1
Nomenclature.
t time variable

space variable (x, y, z)

velocity variable (u, v, w)

external force acceleration

particle distribution function

collision operator in kinetic equation
Maxwellian distribution function

relaxation frequency

relaxation time (z = 1/v)

dynamic viscosity

pressure

molecular mass

Boltzmann constant

macroscopic density

macroscopic velocity

macroscopic temperature

macroscopic energy

collision invariants

macroscopic conservative variables (p, pV, pE)
stress tensor

heat flux

computational domain

volume of domain

numerical flux for distribution function
numerical flux for conservative variables

area vector of cell face

source term for distribution function

source term for conservative variables
reconstructed spatial slope of distribution function
spatial slope of equilibrium distribution function
temporal slope of equilibrium distribution function
equilibrium flux contribution

initial flux contribution

generalized Heaviside function

Hermite polynomials

rescaled particle velocity

expansion coefficients

weight function in the Hermite expansion
identity tensor

modified stress tensor

modified heat flux tensor

O = o8 &:im\.§>ﬁmqnqmgm\<pnw€s mMNE® ISR SO E <

Differences in gas density along the forcing direction result in vary-
ing characteristic scales of flows. Employing the Knudsen number (i.e.,
the ratio of the molecular mean free path to a length scale of interest) as
the criterion, flows within spatially distinct regions can be categorized
into different regimes [5]. The Navier-Stokes equations, formulated in
the continuum regime, prove inadequate for the precise description of
rarefied flows. This inapplicability is even more pronounced under an
external force. In the Navier-Stokes equations, the external force ap-
pears only as a source term for the velocity field. ILe., it contributes
solely to the kinematics and does not alter the dynamics of the fluid sys-
tem. Asymptotic analysis of the Boltzmann equation shows that external
force can induce the generation of non-equilibrium stress and heat flux
[6,7]. This phenomenon arises due to the asymmetric tendency of parti-
cle transport caused by acceleration and is therefore observable under a
non-vanishing mean free path (e.g., in the Navier-Stokes regime). Fine-
grained mesoscopic modeling and simulation are essential to accurately
capture non-equilibrium transport phenomena under external forces.

A wealth of numerical methods has been advanced to address non-
equilibrium flows, with the stochastic particle method and the discrete
velocity method for the Boltzmann equation standing as two of the most
prominent approaches. By integrating coupled transport and collision
processes in the particle evolution model and developing implicit and
semi-implicit update algorithms, these methodologies can be extended
to encompass cross-scale flow simulations. Among others, exemplary
achievements include asymptotic preservation methods [8-10], high-
order/low-order algorithms [11], gas-kinetic schemes [12-14], iterative
schemes [15], multi-scale particle methods [16-19]. However, the pres-
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ence of external forces places additional demands on the performance
of numerical methods. Under a unidirectional constant force, a gas dy-
namic system will evolve toward and persist with a steady state with
zero macroscopic velocity from an arbitrary initial state. Such hydro-
static equilibrium should be maintained by realizing an exact balance
between the force term and the inhomogeneous flux function in the nu-
merical method. The lack of such a well-balanced property leads to spu-
rious numerical solutions, especially in long-time self-evolving gravita-
tional systems.

Current research on well-balanced methods predominantly cen-
ters on hyperbolic conservation laws [20-23], while limited attention
has been devoted to rarefied and multi-scale flows. Developing well-
balanced methods for macroscopic and kinetic equations fundamen-
tally constitutes different challenges. In the continuum limit, it can be
deduced that in hydrostatic equilibrium the gas dynamic system has
the same temperature everywhere [24]. However, as the local Knud-
sen number increases, the force-induced heat fluxes lead to a heteroge-
neous temperature distribution. At this juncture, the temperature can
no longer be routinely treated as a constant multiplier. Instead, it must
be incorporated into the evolving framework of the gas dynamic model.
The unified gas-kinetic scheme (UGKS) provides such a model, where
the characteristic lines of the Bhatnagar-Gross-Krook model [25] (as a
simplified model of the Boltzmann equation) that contain particle tra-
jectory information, can be introduced in the construction of numerical
fluxes. Based on the UGKS, well-balanced methods have been developed
for single- and multi-component gas transport [26,27]. Other pioneer-
ing work on multi-scale methods for the flows under an external force
can be found in the literature [28,29].

Among other discrete velocity methods, the UGKS employs a uni-
form nodal description in the physical-velocity phase space. The well-
balanced property is satisfied in an asymptotic basis as the number of
collocation points N, — 0. However, in real numerical simulations, the
number of discrete meshes is always finite. The preservation of physical
structure only holds practical significance when discussed in conjunc-
tion with aliasing, interpolation, and integral errors. A prime illustration
lies in the fact that particle methods, while fundamentally grounded in
first-principles modeling, are rendered impractical for the development
of well-balanced methods due to statistical errors. The existence of an
external force field necessitates solving the derivative of particle dis-
tributions in the velocity space. A straightforward finite difference ap-
proximation leads to an error of O(Av) where v € (—oo, )°. Since the
number of velocity collocation points is usually smaller than the number
of elements in the physical space, such an error is considerably substan-
tial.

Spectral methods offer an accurate approach for approximating so-
lutions to differential equations. By approximating the solution as a sum
of basis functions, the error can decrease exponentially with the number
of bases, and fewer degrees of freedom are usually required to obtain
comparable solutions from the finite difference method. Hermite poly-
nomials prove exceptionally advantageous for approximating distribu-
tion functions in the Boltzmann equation, owing to the orthogonality
with respect to Gaussian weighting functions, which corresponds to the
Maxwellian equilibrium distribution. Such orthogonality warrants that
the deviation from equilibrium can be accurately represented and effi-
ciently decomposed into physically meaningful moment variables. It has
been shown that the Hermite polynomials can asymptotically converge
to non-equilibrium distribution functions [30]. In this study, we present
a unified Galerkin-collocation method for multi-scale flows under ex-
ternal force by synergistically integrating the Hermite spectral method
with the multiscale evolutionary model, i.e., the UGKS. By employing
the spectral and collocation methods to compute the forcing and advec-
tion terms of the Boltzmann model equation, respectively, the solution
algorithm is anticipated to harmonize accuracy with the capability to
provide highly non-equilibrium and discontinuous solutions. A series of
collocation points and weights applicable to the solution algorithm are
adapted based on the Gauss-Hermite quadrature.
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The rest of this paper is organized as follows. Section 2 briefly in-
troduces the kinetic theory of gases under an external force. Section 3
provides the implementation of the solution algorithm and the corre-
sponding numerical analysis. Section 4 includes numerical experiments
to demonstrate the performance of the proposed approach, followed by
the conclusions. The nomenclature of this paper is provided in Table 1.

2. Kinetic theory

The Boltzmann equation in the presence of an external force writes

Y vV S a- VS =00, 0

where f(t,x, v) is the particle distribution function in the phase space, v
is the particle velocity, a is the forcing acceleration, and Q is the inter-
molecular collision term. The full Boltzmann collision term is a nonlin-
ear fivefold integral. Simplified models, e.g., the BGK model, are often
adopted in engineering analysis and simulation to reduce the computa-
tional overhead. In the BGK model, the collision term is replaced by a
relaxation operator, i.e.,

Qf) =viM - f), 2)
where v is the relaxation frequency, and M denotes the Maxwellian
distribution,

3/2
M= p< ) exp(—%(v -V)?), 3)

m
27kT
where m is the molecular mass, k is the Boltzmann constant, {p,V,T'}
are the macroscopic density, velocity, and temperature, respectively.

Microscopic and macroscopic states are interconnected. The macro-
scopic conservative variables in fluid mechanics can be obtained by tak-
ing moments of the particle distribution function, i.e.,

P
Wix)=| pV |= / fwdv, 4)
pE R
where y = (1,v,v?/2)7 is the vector of collision invariants that satisfies
[ otwav=o ®)
R3

The transport equations of conservative variables can thus be obtained,
ie.,

P}
LV (V) =0,

oV

L 4V VOV +Vy P=pa, 6)
OpE

%+Vx-(pEV)+Vx~(P~V)+Vx~q:pV-a,

where ® denotes the dyadic product operator, and the stress tensor P
and heat flux q are defined as

P=/ V=V)® (v -V)fdv, CI=/ l(V—V)(V—V)zdev @
R3 r3 2
Note that the derivation from Egs. (1) to (6) introduces no assumptions

before incorporating a closure model, e.g., the Chapman-Enskog expan-
sion.

3. Solution algorithm
3.1. Update algorithm

The solution algorithm is built upon the finite volume method. The
computational domain is divided into N, non-overlapping cells, i.e.,

N, N,
e=Jo. Na=9 8
i=1 i=1
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In each cell, the particle distribution function is approximated using
collocation points N,. The update algorithm of the cell-averaged particle
distribution function can be written as
afi; 1 f
A }éﬁ, F} (t,x)-dS+ G(f; ;) + QS )

i

N, ©
1
=7 > F{J. A8 —a-Vy [+ VM = £,
k=1

where f; ; represents the averaged distribution function at the jth collo-
cation point in the ith cell, ¥; denotes the cell volume, F/ is the numeri-
cal flux of the distribution function, S = nAS is the area vector pointing
out of the cell, N s is the number of faces, and G is the external force
term.

Following the derivation of Eq. (6), taking moments of Eq. (9) over
velocity space yields the semi-discrete conservation laws, i.e.,

oW, _ ljé.
o Vi Joa

where the source term related to the external force is G = (0, pa, pV - a)”.
The cell-averaged conservative variables in Q; can be approximated by
numerical quadrature at the discrete level, i.e.,

Ny
FW-dS+G[:—%ZF,EV~ASk+G[, 10)
k=1

i

Ny
W= [ wavs Y, an
R j=1

where w; denotes the quadrature weights. Within the allowable range of
integral errors, the update of macroscopic flow variables is equivalent to
that of the particle distribution function. However, due to the absence of
a source term in Eq. (10), the nested updating of macroscopic variables
and the distribution function leads to gains in the numerical solution.
For example, the updated macroscopic variables can be used to evaluate
the equilibrium distribution function in Eq. (2) and subsequently solve
Eq. (9). Such an implicit-explicit (IMEX) scheme is capable of mitigating
the stiffness of the kinetic equation in the continuum limit. In this pa-
per, the macroscopic conservative variables and the particle distribution
function are updated simultaneously.

In this study, the IMEX scheme is routinely used to integrate Eq. (9)
in a single time step Ar. Specifically, the collision term is solved implic-
itly for the sake of numerical stability, while the flux and source terms
related to external forces are treated explicitly. The update algorithm
writes

fn+1 —fn | Ny
ivj o Ve 1 1
T =y B ASea vy (M - A aD)

which can be reformulated as

Ny
n+l _ 1 no_ g N X _ . n n+l
St = <—1 " VAI) 0T ;de AS, - Ara-V, [+ Aty ML

13

To obtain the equilibrium information M"*! in Eq. (13), the conserva-
tive variables are updated first, i.e.,

Ny
At
Wit =Wy - 5 Y EY A + MG a4
i =1
The obtained macroscopic variables W"*! can then be used to determine
the equilibrium distribution function M"*+!,

3.2. Numerical flux

The core task of the finite volume method is the computation of
numerical fluxes. In this study, we employ the integral solution of the
BGK equation to formulate the flux function. This practice has gained
widespread acceptance in a series of gas-kinetic schemes to construct
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multi-scale numerical methods [31]. If we assume the relaxation fre-
quency to be a local constant, Eq. (2) yields an integral solution in the
form

t
fx,v) = % /( CME X V)l S X0, ()

t
where r = 1/v is the particle collision time, x' =x —v/(t — ') — %a(t -
)2 and v/ = v — a(t — t') are the particle trajectories in physical and ve-
locity space, and {x =x — v0(r — %) — %a(t -2, v0 =v—a@ -1} are
the initial locations in phase space.

We then construct the numerical fluxes by approximating the equi-
librium and initial distributions in Eq. (15), respectively. For brevity,
we denote a face located between cells i and i + 1 as X, /, = 0, and the
nth time step as " = 0. Eq. (15) can be rewritten in the discrete velocity
coordinates as

t
f@0,v) = l/ M(t’,X’,V})e‘("")/’dt’ +e77£(0,x0,v)). (16)
7 Jo
This initial particle distribution function is constructed as
fr o +o6, X, xeQ,
£, x, vj) = fo(x, Vj) = { i+1/2,j i,j i a7
f,+1/2, tO, X XEQ,
where {f1 PRy +1 /2} are the distribution functions at the face x;,,,

reconstructed inside and outside the cell Q;, and {o;, 5, } are the spatial
slopes that can be obtained with the help of various limiters. Note that
under external force, in Eq. (16), v‘lz may not coincide with any node
of the pre-established Eulerian mesh. The present study adopts central
difference schemes to interpolate the value of the distribution function
at this point.

A first-order Taylor expansion with respect to space and time is used
to approximate the equilibrium distribution, i.e.,

Mo(1+6; - x + ¢pt), e€Q.,
M(t’x’v)z{ o(1+6, - x+ 1) xeQ

(18)

My(1 40,4 - x+ 1), XxeQ,,

where M, is the initial Maxwellian distribution function at {t = 0,x =
0}, which can be determined using the compatibility condition of the
kinetic equation, i.e.,

Mu/dV:/ 7! de+/ fO  wdv
./[R3 0 v-n>0 i+1/2 v-n<0 i+1/2

(19)

I 0

= Z Wif i1 Wit Z Wi S Wi
v vj-n<0

The coefficients 6 and ¢ represent the spatial and temporal slopes
of the equilibrium distribution function, respectively. Since conserva-
tive variables are connected with the equilibrium distribution through
moments over velocity space, the spatial and temporal derivatives of W
can be expressed in terms of 6 and ¢ as

VW= / OMypdv, LT = / PMowdv. 20
R3 R3

If we expand the slopes as linear combinations of v,

b= w, 1))

where 8 and ¢ are the combination coefficients of collision invariants,
respectively. Eq. (20) can then be expressed as

VW= < / M@ @y’ dv>é,
ﬁ - ( / M) y@y )" dV>d3-

Eq. (22a) forms a linear system for § and can be solved formally as

0=0-y,

(22a)

(22b)

-1
o(v) = < / M@ y@yT dv) VW, (23)

where the gradients V, W can be approximated using central differences.
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The temporal slopes can be approximated with the help of the Euler
equations, i.e.,

% =—/R}V~Vxdev—/R3a~Vvadv
@24
~ —/ v~9M0y/dv—/ a- V. Mydyv,
R3 R3
where the gradients in velocity space V,M can be solved theoretically.
The temporal coefficients can be obtained analogously via

-1
- ( / M) y®w®" dv) », (25)

After all physical quantities and coefficients are determined, the in-
tegral solution in Eq. (16) becomes

F@.0.v) = (1-e" )My, + (r(=1 + e—'/f) +1e77)0,,14, - V; My,
2 _’/T] 91 Li+1

~aMy; +(t/r-1 +e_'/’)¢M0’j
i/ | 1 »
+e/ [( 141720 (vjt— ar )~o-,.’jo)H<—vjt+ Sar )

1 1
o _1o0) . T U )
(fz+1/2/ (Vf’ 2™ ) °i+1’f“)(1 H( ittt ))]
=m;+ 7 i (26)
which can be decomposed into the contributions from equilibrium and
initial distribution functions. The generalized Heaviside function is de-
fined as

- [r(r( L+e /Ty +1e77) +

1, eqQ,,
H(x) = *E 27)
0, XxeQ

Finally, the numerical fluxes are determined by the time-dependent dis-
tribution function at the face, i.e.,

F/ =vf(t,0,v),

FY = / v£(t,0,vV)pdyv. (28)
R3
3.3. Hermite approximation

For non-equilibrium flows under external force, a core task is to com-
pute the derivatives of the distribution function in the velocity space.
This study employs the Hermite polynomial expansion method proposed
by Grad [32]. The distribution function is expanded as an N, th order
Hermite polynomial series, i.e.,

N
XN fy, = o Y, +dx) : HOw), 29)
n=0 """

where u=(v—-V)/VRT is the rescaled particle velocity based on
local bulk velocity and temperature, R is the gas constant, w(u) =

1
N

2
exp(—“?) is the weight function and D is the dimension. The tensor

contraction is denoted as :. The nth order tensor Hermite polynomial is
defined by

H ) = % v w(w), 30)
which satisfies the recurrence relation, i.e.,

H* D) = uH ™ (u) — n8;H" (), (31)

with H® = 1, H() = u, and & the identity tensor. The expansion co-
efficients can be determined by

A", x) = / F(tx,vw)H® ) du
[RD
(RT)D —57 / FEx,VHH® (u(v)) dv (32)

LN w
NWZ‘;WI. P
=
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Notably, truncating the expansion in Eq. (29) at the zeroth-order (N,, =
0) recovers the Maxwellian distribution.

Substituting fyy, into the forcing term of the Boltzmann equation
yields

a-V,f~

N
1 5
a-Vy| oY =d”.x) : H(”)(U)>
\V/RT < n;) n!

N,
1 5 1
= a- Y —d™x) : f, (0@ H™ ()
VRT ;::') ! ( )
N,
1 !
=— ——o@ ) —a®d”¢x) : H" D). (33)
VRT ;’) n

By substituting the Hermite polynomials and moments, the above equa-
tion can be further simplified as

a®T

. N - . T HO
a-V.f — M(a u+2pR : (u)
_a®Q .,
Sp(RT) HP )+ ... ) (34)

where the modified stress and heat transfer tensors are defined as
T= / RTfu®u-—38)dv, Q= / (RT*? f(u @ u @ uydv. (35)
R3 R3

It can be seen that the leading term in Eq. (34) describes the equilibrium
effects of external force, while the rest higher-order terms quantify the
non-equilibrium effects. The Hermite expansion conserves the moments
of external force up to (N,, + 1)th order.

The spectral convergence of Hermite expansions undoubtedly pro-
vides an efficient tool to characterize the non-equilibrium distribution
function and compute its derivatives. The other remaining question to
address is its universality. As analyzed in [32], provided that w~!/2f is
square integrable, the series in Eq. (29) converges spectrally. The nec-
essary condition is

. [v—V]|?
|vl|1£>ncof exp (W) =0. (36)
This implies that the velocity distribution to be approximated must de-
cay at a faster rate than the exponential factor exp (—|v— V|?/4RT),
which can be regarded as an equilibrium distribution with the tem-
perature 2T. For most non-equilibrium distributions, this condition can
be naturally satisfied. Occasionally, in highly dissipative regions, e.g.,
in the vicinity of a shock wave with a large temperature gradient, the
scaled temperature may be chosen (to surpass no less than half of the
domain’s peak temperature) as a surrogate of the local temperature T
to guarantee the convergence of the series [33,34]. The detailed numer-
ical implementation of the Hermite spectral method can be found in
Appendix A.

3.4. Numerical quadrature

The numerical integration based on a particle distribution function
can be written as

Ny
/R B0 & Y wgv)f ), 37)
J

where g denotes an arbitrary function of v, and w; is the quadrature
weight at the collocation point v;. Two sets of numerical quadratures are
considered in this study to solve the BGK equation. For brevity, we de-
scribe their use in the one-dimensional case below, while the extension
to the multi-dimensional case is straightforward via the tensor product
rule.

The first numerical quadrature follows the Newton-Cotes (NC) rule.
This method samples the integrand at equally spaced points. The quadra-
ture weights are determined by integrating the Lagrange basis polyno-
mials over the velocity space. If the integrand is sufficiently smooth, it
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can be proved that the error scaling of the Newton-Cotes rule follows

< p P (2]
lel < C(AD) Uer[ri?}fmll ), (38)

Here I denotes the integrand, while p and C depend on the selected
composite Newton—Cotes rule.

The second numerical quadrature is the Gauss-Hermite (GH) quadra-
ture. This technique is tailored to approximate integrals of the form

(s} NU
/ U Iw)dox Y, wI(v;). (39

—oo =
The quadrature nodes are placed at the N, real roots of N, th Hermite
polynomial (as discussed in Section 3.3), and the weights are given by

No=TnN
M NZZ[HPSSU .(:/f]z’ Hlpvhuys(”f) =0. (40)

v N,—127J
The Gauss-Hermite quadrature is especially efficient for those quadra-
ture problems in which the integrand is multiplied by e, e.g., the
Maxwellian distribution function, It can be applied to an arbitrary inte-
grand by refactoring it to match the Hermite-weight form, i.e.,

oo © j=

N
n o o) v

I*(v) = e” I(v), / I(v)dv = / W do D ow*w). (41
- - 1

The quadrature is exact when the integrand is a polynomial of degree

up to 2N, — 1. Note that besides the classic Gauss-Hermite quadrature,

the quadrature nodes can also be shifted and rescaled to adapt peculiar

non-equilibrium distributions.
3.5. Well-balanced property

The well-balanced property is achieved due to the precise offset of
the external forcing terms and inhomogeneous fluxes in Eq. (9) (and
Eq. (10), correspondingly). Here, we analyze the numerical behavior
of the solution algorithm in the asymptotic limit of the BGK equation.
For brevity, a local coordinate system aligned with the direction of the
external force is established, thereby simplifying the flow equations to
one dimension. In the continuum limit, i.e., the Euler equations, the
hydrostatic equilibrium solution takes the form

). V=0 p=pexn (), 42)

where {p,, po} are the density and pressure at an arbitrarily selected ref-
erence state. The temperature 7 is equal everywhere [3]. With infinitely
frequent intermolecular collisions, the particle distribution function is
everywhere in equilibrium.

We first consider the source term part. Provided that the particle
distribution function is Maxwellian, the Hermite expansion in Eq. (34)
degenerates to

P=PoeXP(

au
G=-a-V,f=-2 M, 43
a-V,f RT M (43)
and the source terms related to the external force can be obtained via
0 0
G= / Gydv = pa =| pa | (44)
pUa 0

Since the zeroth-order truncation in the Hermite expansion corresponds
to the Maxwellian distribution, the two source terms above do not in-
troduce any numerical errors.

We then turn to the numerical fluxes. In the Euler limit with = — 0,
the integral solution in Eq. (26) reduces to

£ =Myl +1¢). (45)

As analyzed in Section 3.2, the temporal slope of the distribution func-
tion can be obtained via

- / ud, Mydu — / a0, My du = % - / dMydu. (46)
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Initialize macroscopic variables {p, V, T}
and distribution function f

Discretize velocity space
(NC/GH quadrature)

Reconstruct cell-averaged f
to obtain f7, f© at each face

Compute fluxes Fy, Fyy with
BGK integral solution in Eq.(26)

Update conservative variables
Wt with Eq.(14)

Evaluate equilibrium distribution M"“} No

Update f**! using IMEX scheme
with Hermite force term

{Apply boundary conditions

Converge/timeout?

Yes

Post-process solutions

End

Fig. 1. Workflow of the proposed solution algorithm.

The derivatives of the Maxwellian distribution can be obtained using
the chain rule, i.e.,

oM _10dp 1 04 P 2,04 oU
_—= - — —=M-w -2uU +U")=— 20u—-U)—M,
ox paxMJFZA 0xM @ w+ )()xM+ (u )0xM
M _ iu—-vm,

ou

47)
where 4 = 1/(2RT). Inserting the hydrostatic solution in Eq. (42) yields
¢=0. (48)

Therefore, the numerical fluxes depend only on the Maxwellian dis-
tribution at the cell face, which are of the form

F/ = uM,,
0 (49)

(o]
FY = / uMowpdu=| pRT
—oo 0
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It is clear that density and energy are well balanced. For the momentum
equation, we can obtain the following relation between the source term
and numerical flux, i.e.,

Xi+1/2 Xi+1/2
/ Gfudx =/ padx
Xi-1/2 Xi-1/2
— — U U
- RT(pXi+1/2 - pxi—l/z) - _(Fi—l/z - Fi-*—l/z)' (50

from which the well balance in a control volume is clearly identified.

The above analysis is performed only in the asymptotic limit with
vanishing molecular mean free path. When the mean free path is not
zero (i.e., the flow regimes of Navier-Stokes equations and beyond),
it can be shown that there exist non-equilibrium stress and heat flux
aligned with the direction of the external force, and thus the hydrostatic
solution is no longer isothermal [7]. It is difficult to prove the well-
balanced property by numerical analysis anymore. It should be noted,
however, that it is the non-equilibrium effects described above where
the role of external forces becomes exceptionally important. By intro-
ducing particle trajectories under external forces into the numerical flux
function (from the integral solution of the BGK equation) and solving ex-
actly for the derivatives in the phase space (using the Hermite spectral
method), the current solution algorithm is consistent with the physi-
cal mechanisms of multi-scale flow transport, and should consequently
demonstrate superior performance in non-equilibrium flow simulations.
In the next section, we will conduct numerical experiments to validate
the efficacy of the solution algorithm.

Algorithm 1 Algorithm flowchart of the solution method.

1: Input: prescribed flow configuration; computational mesh; velocity
quadrature.
2: Initialization
Set initial macroscopic variables (p, V,T) and distribution func-
tion f;
Discretize the velocity space using Newton-Cotes or Gauss—
Hermite quadrature.
3: while not satisfying the convergence criterion do
4: Flux computation
Reconstruct interface values f! and f© using a slope limiter;
Compute conservative variables at the face W, = / fy dv and
evaluate M, in Eq. (18);
Compute spatial slope 6 and temporal slope ¢ according to Egs.
(20) to (25);
Compute the BGK integral solution in Eq. (26) to obtain the nu-
merical fluxes F, and Fy,.
5: Update of macroscopic variables
Update conservative variables using Eq. (14);
Evaluate the equilibrium distribution M"*! using Eq. (3).
6: Update of distribution function
Compute the external forcing term using the Hermite spectral
method in Eq. (34);
Update f using the IMEX scheme in Eq. (13).
7: Boundary treatment and time control
Apply specific boundary conditions;
Determine the time step Ar based on the CFL condition in physical
and velocity space.
8: end while
9: Post-processing
Compute necessary macroscopic variables by taking moments of
/3
Export field solution and visualize;
Analyze field solution systematically.
10: Output: Solution datasets, visualizations, and analysis results.
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(c) f=exp(—3(u—2)%) + 5 exp(—7(u+2)?)

Computer Physics Communications 329 (2026) 110365

Exact
N=0
_ N=2
12 N=4
i N=6
L N=8
1 -
08
“ 06
04
0.2
0 |
-10 10
Exact
N=0
_ . N=10
1.2 N N=20
5 & N=50
- N=70
1+
08
« 0.6 B
04
021
0
I T - 1 |
-10 -5 5 10

(d) f = exp(—7u?)

Fig. 2. Convergence tests of the Hermite approximation of near-equilibrium and non-equilibrium particle distribution functions. Here, N represents the order of the
Hermite expansion.

3.6. Numerical implementation

To ensure reproducibility, the proposed solution algorithm has been

implemented within a modular computational framework. Its workflow
follows the algorithm flow chart illustrated in Fig. 1 and is summarized
in Algorithm 1. The implementation strictly adheres to the theoretical
formulations presented in Sections 3.1-3.5. The key components are
summarized below.

®

(i)

Initialization. The computational domain is divided into control
volumes, and the velocity space is discretized within a suitable
quadrature (e.g., the Newton—Cotes or Gauss—-Hermite). Macroscopic
variables {p, V, T} are initialized according to the specified flow con-
ditions, and the initial distribution function f is set to its Maxwellian
equilibrium M.

Flux computation. At each time step, the distribution function
f:; is reconstructed within each cell to approximate the inner and
outer values { f,.’+l e fﬂl ) at the face x;,,,,. The macroscopic
variables at the face are then determined from the velocity mo-
ments of these reconstructed distributions, and the local equilib-

(iii)

(iv)

W)

rium distribution M, is evaluated accordingly. The spatial gradi-
ents of the macroscopic variables are computed by central differ-
ences to determine the spatial slope 0, while the temporal slope
¢ is obtained with the help of the Euler equations, according to
Egs. (20) to (25). Having obtained all necessary components, the
integral solution of the BGK equation in Eq. (26) is utilized to yield
the time-dependent distribution function. The numerical fluxes F;
and Fy, are then computed from this distribution and used to up-
date the macroscopic and microscopic variables for the next time
step.

Update of macroscopic variables. The conservative variables are
updated using Eq. (14), after which the corresponding equilibrium
distribution function M"*! is evaluated using Eq. (3).

Update of distribution function. The implicit-explicit scheme
(IMEX) in Eq. (13) is employed to update the distribution function.
The external forcing term associated with velocity-space derivatives
is computed using the Hermite spectral method, as illustrated in
Eq. (34).

Boundary and time control. Boundary conditions are applied
according to the specific problem settings. The time step At is
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(d) Kn=1

Fig. 3. Pressure perturbation distributions from hydrostatic solution at different reference Knudsen numbers. Here, N represents the order of the Hermite expansion,
GH denotes the Gauss-Hermite quadrature, and the rest that are not specifically labeled denote the Newton-Cotes quadrature.
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Fig. 4. Convergence test and criterion for determining the order of Hermite polynomials in one-dimensional hydrostatic problem (with Kn=1).
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Fig. 5. Distributions of flow variables in the Sod shock tube under external force at Kn=0.0001. Here, N represents the order of the Hermite expansion, GH denotes
the Gauss-Hermite quadrature, and the rest that are not specifically labeled denote the Newton-Cotes quadrature.

determined adaptively via the CFL condition based on the propa-
gation of information in both physical and velocity space.

(vi) Post-processing. Collect the updated macroscopic variables and dis-
tribution function. Necessary moments, e.g., the stress and heat flux,
can be computed using the distribution function. The field solution
is visualized and systematically analyzed.

A numerical implementation of the proposed solution algorithm has
been developed in Fortran. The implementation utilizes vectorized op-
erations to efficiently compute Hermite coefficients and scale-dependent
numerical fluxes. Appendix A details the implementation specifics. Its
modular structure enables seamless extension to three-dimensional con-
figurations and hybrid CPU-GPU computational architectures. The sim-
ulation program has been validated through comprehensive numerical
experiments in Section 4, demonstrating consistent accuracy and nu-
merical stability across a broad range of Knudsen numbers and forcing
magnitudes.

4. Numerical experiments

Numerical experiments are presented in this section to validate the
current solution algorithm. Dimensionless variables are introduced as

= x=X ;=2 v=Y 7L p_E
Lo/Vo Ly Po 1) Ty v?
N . v? Lya
P= szq: qzav:[/l’f: f3 O_Lo’ﬁzi 02’
PV, PV, 0 o/ 0 @ ¥

(51)

where a physical quantity with a subscript of 0 indicates its value in the
reference state, V; = y/2kT;,/m is the most probable molecular speed.
The referenced Knudsen number is defined as

% _ W

Kn= = , 52
" Ly Lyw ©2)

where £, = V,)/v, denotes the molecular mean free path and v, is the
mean collision frequency. Based on the variable hard sphere (VHS)
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Fig. 6. Distributions of flow variables in the Sod shock tube under external force at Kn=0.001. Here, N represents the order of the Hermite expansion, GH denotes
the Gauss-Hermite quadrature, and the rest that are not specifically labeled denote the Newton-Cotes quadrature.

model, the reference viscosity can be expressed in a dimensionless form
as

PR A (Gh i, (53)
el " 4a(5 - 2n)(7 - 2n)
and the relaxation time t is given by
2
= Lrelpnet, (54)
p

where « is the scattering parameter (with « =1 for the hare sphere
model) and w is the viscosity index (e.g., n = 0.81 for argon). For brevity,
we drop the tilde notation to denote dimensionless variables henceforth.

4.1. Convergence of hermite approximation

The first numerical experiment examines the convergence properties
of the Hermite approximation when applied to particle distributions in
both near-equilibrium and non-equilibrium states. Four forms of the par-
ticle distribution function are considered, i.e.,

1. f = exp(—ju2),

10

2. f= exp(—iuz)(l + 0.5 sin(w)),
3. f =exp(—;(u—2)) + 5 exp(— 5 (u+2)%),
4. f= exp(—iu“).

Fig. 2 illustrates the approximation of four distribution functions
using the Hermite expansion. It can be seen that the numerical accu-
racy and rate of convergence are strongly correlated with the form of
the distribution function. For equilibrium and near-equilibrium distri-
butions, since the first term of the Hermite expansion corresponds to
the Maxwellian distribution, the distribution function can be accurately
characterized with minimal expansion orders. For non-equilibrium dis-
tributions, the Hermite spectral method also exhibits good convergence
properties. Merely O(10) expansion terms are required to precisely re-
solve typical non-equilibrium distributions, e.g., the bimodal distribu-
tion shown in Fig. 2(c). Compared to the finite difference discrete ve-
locity method, this method offers substantially superior computational
efficiency (which will be corroborated by our numerical experiments
starting from Section 4.2). When the distribution function is sharply lo-
cated or discontinuous in the velocity space, e.g., in Fig. 2(d), Gibbs’ phe-
nomenon leads to the need for higher orders of expansion to converge
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Fig. 7. Distributions of flow variables in the Sod shock tube under external force at Kn=0.01. Here, N represents the order of the Hermite expansion, GH denotes
the Gauss-Hermite quadrature, and the rest that are not specifically labeled denote the Newton-Cotes quadrature.

to the accurate distribution. Fortunately, such non-trivial distributions
rarely occur in space and time in real-world flow problems. Throughout
the computational cycle, the Hermite approximation is capable of pro-
viding efficient and accurate characterization of distribution functions
in most cases.

4.2. One-dimensional hydrostatic solution

We then verify the well-balanced property of the solution algorithm.
The one-dimensional, dimensionless hydrostatic solution is set as

po =explax), Uy=0, pg=exp(ax). (55)

The pressure field is then subjected to the following perturbation,

—100(x—0.5)% ) (56)

The initial particle distribution function is set as Maxwellian everywhere
in correspondence with the macroscopic variables. The detailed compu-
tational setup is provided in Table 2.

Fig. 3 presents the spatial distribution of pressure perturbations at
the output moment. As discussed in [35], a naive treatment of the ex-
ternal force term can fail to capture such a small perturbation without

p = py(x)+0.01e

11

destroying the global hydrostatic solution. Thanks to the well-balanced
property, the current solution algorithm accurately captures the propa-
gation of pressure perturbations in different flow regimes. Table 3 lists
the computational costs of different methods (i.e., the Hermite approx-
imation in Section 3.3 and second-order central difference) in the same
framework. The results show that the Hermite spectral method, along
with the Gauss-Hermite quadrature, significantly improves the compu-
tational efficiency of the numerical method at different reference Knud-
sen numbers (more than one order of magnitude improvement over the
finite difference method). The computational parameters in the table
are determined by the grid convergence tests. Fig. 4 illustrates a typical
convergence test case for determining the order of Hermite polynomials.

4.3. Shock tube under external force

We then test the capability of the solution algorithm for solving
discontinuous solutions. The Sod shock tube is employed as the nu-
merical experiment. The particle distribution function is initialized
as Maxwellian in the whole flow domain, which corresponds to the
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Fig. 8. Distributions of density, temperature, and heat flux in one-dimensional Fourier flow problem under different external forces at Kn=0.1. Here, N represents
the order of the Hermite expansion, GH denotes the Gauss-Hermite quadrature, and the rest that are not specifically labeled denote the Newton-Cotes quadrature.

Table 2
Computational setup of one-dimensional hydrostatic problem (NC/GH refers
to the Newton-Cotes/Gauss-Hermite quadrature).

Table 3
Computational costs of different methods for solving the one-dimensional hydro-
static problem (NC/GH refers to the Newton-Cotes/Gauss-Hermite quadrature).

Gas t x N, u N, Order Knudsen number ~ Numerical method Number of collocation points ~ Time (s)
Argon (0,0.1] [0, 1] 600 [-5,5] [16,600] 2 0.0001 finite difference (NC) 600 85.19
N, a Kn Quadrature  Integrator ~ Boundary = CFL Hermite (NC, N,, = 0) 100 20.17
[0,6] -1 [0.0001, 1] NC/GH IMEX Dirichlet 0.5 Hermite (GH, N,, =0) 16 2.48
0.01 finite difference (NC) 600 85.14
Hermite (NC, N,, =5) 100 37.96
following macroscopic variables, Hermite (GH, N,, =5) 22 4.20
, (o e 0 n
ermite (NC, N,, = .
u - (1) ’ u - 001 (57) Hermite (GH, N,, = 6) 36 4.47
P ) P ) E
1=0.x<05 1=0.x205 1 finite difference (NC) 600 81.12
The detailed computational setup is described in Table 4. Hermite (NC, N,, =6) 100 53.49
Hermite (GH, N,, = 6) 36 4.59

Figs. 5-7 present the spatial distribution of macroscopic variables at
the output moment under different Knudsen numbers. Under the exter-
nal force field, particles in the region where the waves have not arrived
are driven to the left. This numerical experiment demonstrates the well-
balanced and asymptotic-preserving properties of the current scheme.
The evolution of discontinuities is well captured under the force field in
different flow regimes. With the increasing Knudsen number, a continu-

12

ous spectrum of flow physics is recovered from the Boltzmann solution
to the Euler solution of the one-dimensional Riemann problem.

Table 5 lists the computational costs of different methods (i.e.,
the Hermite approximation in Section 3.3 and second-order central
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Fig. 9. Distributions of density, velocity, and temperature in the Poiseuille flow problem at Kn=0.02. Here, N represents the order of the Hermite expansion, GH
denotes the Gauss-Hermite quadrature, and the rest that are not specifically labeled denote the Newton-Cotes quadrature.

Table 4
Computational setup of Sod shock tube problem (NC/GH refers to the Newton-
Cotes/Gauss-Hermite quadrature).

Table 5
Computational costs of different methods for solving the Sod shock tube problem
(NC/GH refers to the Newton-Cotes/Gauss-Hermite quadrature).

Gas t X N, u N, Order Knudsen number ~ Numerical method Number of collocation points ~ Time (s)
Argon  (0,02] [0,1] 600 [-5,5] [22,600] 2 0.0001 finite difference (NC) 100 59.06
N, a Kn Quadrature  Integrator ~ Boundary = CFL Hermite (NC, N,, = 0) 80 41.19
[0,6] -1 [0.0001,0.01] NC/GH IMEX Dirichlet 0.5 Hermite (GH, N,, =0) 22 9.29
0.001 finite difference (NC) 150 106.25
Hermite (NC, N,, =2) 80 68.82
difference) for the numerical solution in the same framework. The re- Hermite (GH, N, =2) 24 15.80
sults show that the Hermite spectral method, along with the Gauss- 0.01 finite difference (NC) 600 227.54
Hermite quadrature, significantly improves the computational effi- Hermite (NC, N,, =6) 200 220.77
Hermite (GH, N,, = 6) 34 44,82

ciency of the numerical method at different reference Knudsen numbers.
The amount of computational degrees of freedom and overall time have
been reduced by 80%.

4.4. Fourier flow

Subsequently, we examine the capability of the solution algorithm
for solving energy transport. The Fourier flow between two infinitely

13

large parallel plates is employed as the numerical experiment, where
the temperatures of the upper and lower plates are set as 1.1 and 1.0,
respectively. The initial flow field is set up with a fixed temperature,
and the particle distribution function is initialized as Maxwellian in
the whole computational domain. The effect of external force fields of
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Fig. 10. Distributions of density, velocity, and temperature in the Poiseuille flow problem at Kn=0.1. Here, N represents the order of the Hermite expansion, GH
denotes the Gauss-Hermite quadrature, and the rest that are not specifically labeled denote the Newton-Cotes quadrature.

different magnitudes on the heat transfer at Kn=0.1 is investigated. The
detailed computational setup is provided in Table 6.

Fig. 8 presents the distributions of heat flux, density, and tempera-
ture under different external forces. The modulation of density by exter-
nal forces is precisely captured. The non-equilibrium heat flux induced
by the external force and its resulting changes in temperature profiles
are quantitatively identified [6,7].

Table 7 lists the computational costs of different methods (i.e., the
Hermite approximation in Section 3.3 and the second-order central dif-
ference). The results show that the Hermite spectral method, along
with the Gauss-Hermite quadrature, significantly improves the computa-
tional efficiency of the numerical method at different reference Knudsen
numbers. The amount of computational degrees of freedom and overall
time have been reduced by 95%.

4.5. Poiseuille flow

The force-driven Poiseuille flow of rarefied gas between two in-
finitely parallel isothermal plates is considered. Initially stationary ho-
mogeneous gas is subjected to a constant body force acting in the posi-

14

Table 6
Computational setup of one-dimensional Fourier flow problem (NC/GH refers
to the Newton-Cotes/Gauss-Hermite quadrature).

Gas Force X N, u N, Order
Argon [0.5,2] [0,1] 800 [-5.5] [10,300] 2

N, a Kn Quadrature  Integrator ~ Boundary = CFL
[4,10] [0.5,2] [0.0001,0.1] NC/GH IMEX Dirichlet 0.5

tive x-direction parallel to the plates. The particle distribution function
is initialized as Maxwellian. The detailed computational setup can be
found in Table 8.

Figs. 9 and 10 present the distributions of density, velocity, and
temperature at different Knudsen numbers. Table 9 lists the compu-
tational costs of different methods (i.e., the Hermite approximation in
Section 3.3. It can be observed that the Hermite spectral method, along
with the Gauss-Hermite quadrature, achieves a 30-fold efficiency im-
provement while maintaining equivalent computational accuracy. The
non-equilibrium distributions of density, velocity, and temperature un-
der wall effects are clearly identified.
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Fig. 11. Density evolution in the Rayleigh-Taylor instability problem at reference Knudsen numbers 0.0001(1st row), 0.01(2nd row), 1(3rd row).

Table 7

Computational costs of different methods for solving the one-
dimensional Fourier flow problem (NC/GH refers to the Newton-
Cotes/Gauss-Hermite quadrature).

Table 8
Computational setup of the Poiseuille flow problem (NC/GH refers to the
Newton-Cotes/Gauss-Hermite quadrature).

Gas t x N, u N, Order
Force Numerical method Number of collocation points Time (s)
Argon (0,0.2] [0, 1] 100 [-5,5] [16, 180] 2
0.5 finite difference (NC) 200 5580.48 N, a Kn Quadrature  Integrator ~ Boundary = CFL
Hermite (NC, N, =4) 80 1896.40 7 0.1 [0.02,0.1] NC/GH IMEX Dirichlet 0.5
Hermite (GH, N,, =4) 10 263.15
1.0 finite difference (NC) 200 5999.65 Table 9
Hermite (NC, N,, = 6) 80 2694.69 Computational costs of different methods for solving the Poiseuille flow prob-
Hermite (GH, N,, = 6) 14 423.10 lem (NC/GH refers to the Newton-Cotes/Gauss-Hermite quadrature).
1.5 finite difference (NC) 300 14209.96 Knudsen number Numerical method Number of collocation points Time (s)
Hermite (NC, N,, = 8) 80 2832.79 —
Hermite (GH, N, = 8) 18 865.73 0.02 finite difference (NC) 140 126103.57
Hermite (NC, N,, =7) 80 41981.64
2.0 finite difference (NC) 300 12398.12 Hermite (GH, N,, =7) 16 8465.92
Hermite (NG, N,, = 10) 80 4785.77 —
Hermite (GH, N,, = 10) 29 1585.94 0.1 finite difference (NC) 180 53638.11
Hermite (NC, N,, =7) 100 17172.96
Hermite (GH, N,, =7) 20 1682.34
4.6. Rayleigh-Taylor instability Table 10

The last numerical experiment is the Rayleigh-Taylor problem. The
distribution of initially static gas in a two-dimensional polar coordinates
(r,0) is set as

po(r) = e~r+0) po(r) = %e—a(r+r0)’ Vo =0, (58)
with

a=2.68,ry=0258, r<ry, (59)
a=5.53,rg=-0308, r>r,

15

Computational setup of the Rayleigh-Taylor instability problem (NC/GH
refers to the Newton-Cotes/Gauss-Hermite quadrature).

Gas t x N, y N, u N,

x y u
Argon (0,201 [0,1] 120 [0,1] 120 [-5.5] [18,70]

v N, Order N, a Kn Quadrature Integrator
[-5.5] [18,70] 2 [0,4] -1.5 [0.0001,1] NC/GH IMEX
Boundary CFL

Specular 0.5




S. Liu, Z. Li, Y. Zhang et al.

Density

Density

Density

o o nsradius "
(a) t=0

DIZ D‘A n’srzdiugIB ! 7‘2 1‘4
(e) t=0

T
(i) t=0

Density

Density

Density

06 08
radius

(f) t=0.04

L
0508
radius

(j) t=0.04

Computer Physics Communications 329 (2026) 110365

Density
Density

Ttz 4

02 04 06 08 714 02 04 08 0
radius radius
045 045
04 04
035 035
03 03
z 2
2 025 2 025
S o2 S o2
015 \/\ 015 ;\f\
01 01
005 . 005
| | L L Fare =St 1 | s | L e =S1 1
02 04 08 08 1 12 14 02 04 08 08 1 12 14
radius radius
045 045
04 04
035 035
03 03
2 2
2 025 2 o025
a 3
02 \ 02
015 \/\ 015 _/\
01 01
005 : 005 :
| | L | e 1 | | | L e 1
0z 04 06 08 1 1z 14 0z 04 06 08 1 12 14
radius’ radius

Fig. 12. Density distribution along the radial direction in the Rayleigh-Taylor instability problem at reference Knudsen numbers 0.0001(1st row), 0.01(2nd row),
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(b) Kn=0.01
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Fig. 13. The deviation of the particle distribution function from equilibrium at the final time instant in the Rayleigh-Taylor instability problem.

Table 11

Computational costs of different methods for solving the Rayleigh-Taylor prob-

lem (NC/GH refers to the Newton-Cotes/Gauss-Hermite quadrature).

Knudsen number Numerical method

Number of collocation points Time (s)

0.0001 finite difference (NC) 50 259314.78
Hermite (NC, N,, =0) 30 43436.27
Hermite (GH, N,, =0) 18 8926.044

0.01 finite difference (NC) 70 46080.32
Hermite (NC, N,, = 1) 40 6925.77
Hermite (GH, N,, =1) 20 930.39

1 finite difference (NC) 90 176955.60
Hermite (NC, N,, =4) 50 45807.11
Hermite (GH, N,, =4) 24 3836.53
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where

r1 =0.6(1 + 0.02 cos(200)),
ry =0.62324965,

for density,
(60)
for pressure.

The particle distribution function is initialized as Maxwellian. The de-
tailed computational setup can be found in Table 10.

The density contours at different time instants are shown in Fig. 11.
The evolution patterns of the Rayleigh-Taylor instability across varying
rarefaction regimes have been identified. Within the continuum regime,
as illustrated in the first panel of Fig. 11, the frequent intermolecular col-
lisions lead to intense fluid mixing around the interface between heavy
and light fluids. Conversely, increasing Knudsen number accelerates the
fluid mixing process through enhanced particle transport phenomena,
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thereby significantly reducing the manifestations of interfacial instabil-
ity. Fig. 12 presents the density distribution in the radial direction across
all elements, which provides a quantitative characterization of the
mixing zone. Fig. 13 shows the degree of deviation of the distribution
function away from equilibrium at the final time, defined as

IIf = Ml

where || -|l, denotes the L? norm. It can be observed that non-
equilibrium effects are intrinsically coupled with flow patterns and scale
proportionally with the degree of rarefaction. This numerical experi-
ment again verifies the asymptotic-preserving and well-balanced prop-
erties of the solution algorithm. In all flow regimes, the hydrostatic so-
lution is well preserved in the computation, while the mixing process
only occurs near the Rayleigh-Taylor interface.

Table 11 provides the computational costs of different methods. The
results demonstrate that the computational efficiency of the current
method is significantly improved compared to classical discrete velocity
methods while maintaining equivalent accuracy. 30- to 50-fold acceler-
ation is achieved for the flows ranging from continuum (Kn=0.0001)
to rarefied (Kn=1). The measured data validates the scalability of the
solution algorithm for multi-scale flows.

(61)

5. Conclusion

This work presents a unified, Hermite-spectral-based solution algo-
rithm for multi-scale flows under an external force grounded in the
Boltzmann-BGK framework. A seamless connection between computa-
tional methods and physical models is achieved by merging a high-order
Hermite spectral representation of the velocity distribution with a multi-
scale evolution model inspired by the unified gas-kinetic scheme. The
equilibrium and non-equilibrium flow physics across continuum and rar-
efied regimes are robustly coupled without sacrificing computational ef-
ficiency. The use of the spectral-collocation method not only provides
spectral accuracy in the representation of non-equilibrium distribution
functions, but also, through careful selection of quadrature points and
weights, yields up to 50-fold acceleration compared to classical dis-
crete velocity methods, all while preserving key physical structures such
as the well-balanced hydrostatic equilibrium and correct asymptotics.
Through a comprehensive suite of benchmark tests, we have demon-
strated the accuracy, efficiency, and robustness of the current methodol-
ogy across a wide range of Knudsen numbers and external-force magni-
tudes. Looking forward, the inherent flexibility of the solution algorithm
offers promising avenues for extension to three-dimensional problems,
complex geometries, and more generalized molecule models, paving
the way for efficient, high-fidelity simulations of non-equilibrium force-
driven flows in aerothermodynamics, microfluidics, astrophysics, and
beyond.
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Appendix A. Hermite expansion and implementation
A.1. Mathematical formulation of hermite expansion

The Hermite spectral method and the corresponding numerical
scheme for approximating the particle distribution function are detailed.
The Hermite polynomials are defined as

-

£ ying,
w( ) (u),

H" () = (A1)

Here w(u) = \ﬁlD exp (—%) with D being the dimension, and u = (v —
27

V)/V/ RT is a dimensionless measure of velocity. The recursive formulas

are

H("H)(“)il iy T Uiy H,?

_ (n=1)
irin " Cig iy
(n=1)

DN
i...iy

Ing
(m1) (A.2)

T iy Yigigiyg i1iny1

where {i},i,,...,i .} denotes the indices of a tensor, and § is the iden-
tity tensor. Eq. (A.2) leads to

HO@w) =1,

HO@) =,

HPw =u®u-34,

H(3)(u) —u®@u®u-3u® I,

H(4)(u) —uQQuAuUPuU-6uRuUP5+35Q 6,

(A.3)

where the dyadic product operator leads to higher-order tensors. For
example, we have

(A.4a)
(A.4b)

uRuUuUu = wuuuy,
u® 6= (udj +u;o; + ukéij)/3.

For D velocity dimensions,a distribution f can be expanded within
the Hermite polynomials,

N,
5]
f~fy, = w(u)EO —d 1), (A.5)
where
d"(,x) = / fx, v@)H™ (u) du
(n)
(RT)D/2 / f,x, VYR (u(v))dv
(V) (n)

(RT)D/2 Z f/H (A'6)

The leading moments are
©0) _ P ~ V) ¢

4N = o ¥ REyPR Z;wf Uz (A72)
dV@,x) = (RT)(—DH)/Z/ fWME-=V)dv= (A.7b)
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T
() =
a7 x) = (RT)DP/2+1

N,
1 N W
zwsz;fj(uj®uj—5). (A.7¢)
=

where T is the modified stress defined in Eq. (35).
A.2. Numerical implementation of hermite polynomials

In the one-dimensional case, the weight function and the nor-

malized velocity are w(u) = \/;27, exp (—%) u=(w-V)/VRT. Reduced

from Eq. (A.2)), the one-dimensional Hermite polynomials follow the
recursion relation

H" D) = u HPw) —n H" Dw), n>1. (A.8)

Using the definition in Eq. (A.3) and the recursive formula given in
Eq. (A.8), the expansion components are derived as:

HO =1
HD =y
H® =2 -1 (A.9)

H® =ud® - 2HV =u=0® - 3u
H® = uH® —3HP = * — 61> +3

A one-dimensional numerical implementation of the Hermite poly-
nomials is provided to clarify the recursive structure of the basis func-
tions and the computation of expansion coefficients.

Listing 1: Example code for one-dimensional Hermite polynomials

1 | ! 1D Maxwellian weight at discrete

velocities
3 |! Normalized velocity for Hermite
expansion

4 lu_x = (CX1D - u(1)) / dsqrt(R*T)

5 |w = dexp(-0.5d0*u_x**2) / dsqrt(2.d0*PI)

6 |! Compute Hermite polynomials up to
specified order

7 |do n = 0, order

8 select case (n)

9 case (0)

10 h(0,:) = 1.d0

1 case (1)

12 h(l,:) = u_x

13 case (2)

14 h(2,:) = u_x**x2 - 1.40

15 case default

16 h(n,:) = u_x * h(n-1,:) - real(n

-1,8) * h(n-2,:)
17 end select
18 | end do

h(n,:)
polynomial values

20 | ! stores nth-order Hermite

In high-dimensional cases, the Hermite basis functions and their ex-
pansion coefficients can be expressed as fully indexed symmetric ten-
sors. Due to tensor symmetry, only the independent components need to
be evaluated, which substantially reduces the computational cost. In D-
dimensional case, the count of independent components of a fully sym-
metric tensor of order N is given by a combinatorial number (¥ +]\l]) .
For example, in two dimensions the number is N + 1, while in three

dimensions it is (N + 1)(N +2)/2.
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To illustrate this result, we first consider the two-dimensional case.
A symmetric tensor of order n can be expressed in compact form.

n
He s

r+s=n, (A.10)

where the multiplicity of each component is given by the binomial co-
efficient (:) For example,

H

xyy (A.11)

=H, =H,,=H,p.
This representation naturally extends to three-dimensional case. A sym-
metric tensor of order n can be written as

Hj,yxz,, r+s+t=n,

(A.12)

where the multiplicity of each component is determined by the trino-
mial coefficient —%—. This compact notation highlights the redundancy

rlsht!”
reduction achieved by exploiting tensor symmetry and will be adopted
in the following derivations for clarity and efficiency.

For two dimensional situation, w(u)= % exp (—“2—2), u, = (v, —
V)/VRT and u, = (v, — V,)/+/ RT. Using the definition in Eq. (A.3) and

the recursive formula given in Eq. (A.2), the expansion components are
defined as

1st order: Hf{” =u,,
a1 —
Hy = uy,
2
2nd order: Hg) =(HD) -1= ui -1,
2 Dyl
HE = M) =
2
@ _ (M _1_.2_
HO = (1) —1=2-1,
. B) _ ()@ _ Ayl _ 3 _
3rd order: HX3 =M, sz 2H = u —3u,,
3) _ y(Hy @ -2
szy =H, ny - Hy = U, — Uy, (A.13)
3) 1)74(2) 2
nyz = H)(( )Hy2 = Uy, — Uy,
3) _ 3y @ _ 3 _
HY = HOHD — 21 = u) — 3u,,
. @) _ 1)2,3) 2 _ 4 2
4th order: M = H{ )HX3 =3M ;) =u} —6ul +3,

H::) = chl)HSz) - 2H§C2y) =wu, —3uu
3y y

x X7y

y
2
—H;2)=uiui—ui—ui+l,

@ _ ()3
szyz - Hx nyz
@ _ ()3 _
ny3 =H( )Hy3 U = 3uxlly,

@ _ 2B _ 2@ _ 42
HE = WM =31 = u) —6ul +3,

For clarity, a two-dimensional numerical implementation of the Hermite
polynomials is provided to illustrate the recursive structure of the basis
functions.

Listing 2: Source code for the two-dimensional Hermite expansion

1 | ! 2D Maxwellian weight at discrete

velocity points

Normalized velocities for Hermite
expansion

3 | !

4 |u_x = (CX2D - u(1)) / dsqrt(Rx*T)

s ju_y = (CY2D - u(2)) / dsqrt(R*T)

6 |w = dexp(-0.5d0*(u_x**2 + u_y*x*x2)) / (2.
d0*PI)

7 |! Compute 2D Hermite polynomials up to
specified order

s |/do n = 0, order
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9 do i 0O, n
10 j =n -1
1 select case (n)
12 case (0)
13 h(0,0,:,:) = 1.d0
14 case (1)
15 if (i == 1) h(1,0,:,:) u_x
16 if (j == 1) h(0,1,:,:) u_y
17 case (2)
18 if (i == 2) h(2,0,:,:) = u_x
**x2 - 1.d0
19 if (i == 1 .and. j == 1) h
(1,1,:,:) = u_x * u_
20 if (j == 2) h(0,2,:,:) = u_y
**x2 - 1.d0
21 case default
22 if (j == 0 .and. i >= 2)
then
23 h(i,0,:,:) = u_x * h(i
-1,0,:,:) - real(i
-1,8) * h(i-2,0, :)
24 else if (i == 0 .and. j >=
2) then
25 h(0,j,:,:) = u_y * h(0,j
-1,:,:) - real(j-1,8)
* h(0,j-2,:,:)
26 else if (i >= 2) then
27 h(i,j,:,:) = u_x * h(i
-1,j,:,:) - real(i
-1,8) * h(i-2,j,:,:)
28 else
29 h(1,j,:,:) = u_x * h(0,j
s i) i=1, j>=1
30 end if
31 end select
32 end do
33 | end do
34
33 | ! h(i,j,:,:) stores the polynomial of
order i in x and j in y

By the independent component denotation of symmetric tenors, the
forcing term can be further simplified. We defineb+D = Sym(a ® d®),

where the normalized symmetrization is

n
1 )
= — a, d .
n+1 I; 'k igeeed

kin

(n+1)
igiy iy

In the one-dimensional case, we have

a)(u)

a anNm — z b(n+1)H(n+l)(u)

which becomes

()

n+1 (”,JZ”H(”“)
rlsl Xy

ZZ

a’vvam_
RTn =0 r=0

for the two-dimensional case, where s=n+1-r. In the

dimensional case, it becomes

C()(ll) Ny n+1 ntl-r 1

. _ n (n+1) (n+1)

a VVme - ZOZ Z rlslt! x’y»’z’ x'yszt”
n r

wheret=n+1-r-—s.

(A.14)

(A.15)

three-

(A.16)
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