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A unified theoretical framework is given to rigorously describe the hierarchy of macroscopic equations recov-
ered from the Boltzmann model equation. The framework first integrates the Chapman-Enskog (CE) analysis
with the Hermite expansions of the equilibrium distribution function. The framework is then augmented by a
Hilbert expansion of the Hermite coefficients with respect to the relaxation time. This additional step removes
an implicit assumption in existing analyses [X. Shan et al., J. Fluid Mech. 550, 413 (2006)], namely that all
Hermite coefficients share the same relaxation time order, which limits the applicability of the Boltzmann model
equation for some existing kinetic models and is inconsistent with the multiscale asymptotics underlying the CE
analysis. Within the present formulation, a richer kinetic hierarchy can be constructed, in which different Hilbert
coefficients correspond to distinct moment equations, providing a systematic route for recovering generalized
macroscopic equations. To demonstrate the applicability of our proposed framework, a general form of the
kinetic model is analyzed for incompressible flows, encompassing four representative models from the literature
together with an additional model derived within the present framework. The proposed model introduces an
oscillation-suppression term in the Hilbert coefficients, yielding a continuity equation that combines features
of artificial compressibility and penalty methods. This modification effectively suppresses spurious pressure
without introducing additional auxiliary variables. Simulations of decaying turbulence confirm the theoretical
findings and demonstrate the effectiveness of the proposed model.

DOI: 10.1103/g64s-xfj8

I. INTRODUCTION

Mesoscopic computational fluid dynamics (CFD) methods
are founded on the Boltzmann equation, which governs the
evolution of the distribution function in the phase space and
provides a unified description of gas flows across different
scales. The central objective of such kinetic-theory based CFD
methods is to derive macroscopic equations for hydrodynamic
variables from the prescribed model Boltzmann equation. Two
principal analytical approaches are commonly employed for
this purpose: the Chapman-Enskog (CE) analysis [1] and
Grad’s Hermite-moment analysis [2,3].

The CE analysis treats the Knudsen number as a small
parameter and expands the Boltzmann model equation into
an asymptotic series in the Knudsen number, or equivalently,
the relaxation time [4]. Since this procedure does not yield
closed-form expressions, the series is typically truncated at
a given order, followed by the velocity moments to obtain
macroscopic equations. For the Boltzmann equation, retaining

*Contact author: qiyiming@imech.ac.cn
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the leading-order term recovers the inviscid Euler equations,
the first-order truncation yields the Navier-Stokes (NS) equa-
tions, and higher-order truncations lead to the Burnett [5] and
super-Burnett equations, with differences manifested in the
stress and heat flux. In fact, the CE expansion can be recast
as nonlinear constitutive relations for stress and heat flux in
the Maxwell-Truesdell-Green iteration [6,7].

In contrast, Grad’s analysis expands the distribution func-
tion as a finite multidimensional Hermite polynomial with
the Maxwellian equilibrium as the weighting function [8].
By retaining a prescribed number of Hermite coefficients,
one obtains closed systems of macroscopic moment equa-
tions, such as the Grad 13- or 26-moment equations [2,3].
Despite their different constructions, both high-order CE sys-
tems (e.g., Burnett equations) and Grad moment systems
commonly suffer from practical and theoretical difficulties,
including complexity in computing the high-order deriva-
tives, ambiguity in implementing the boundary conditions,
and mathematical issues such as ill posedness [9,10] or lack
of hyperbolicity [11].

These two approaches have profoundly shaped the sub-
sequent developments in the Boltzmann-equation based
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mesoscopic methods [12–15]. Shan et al. [16] combined
a Hermite expansion of the equilibrium distribution with
a first-order CE analysis to reformulate the Boltzmann–
Bhatnagar-Gross-Krook (BGK) equation [17] as a hierarchy
of macroscopic equations for the Hermite coefficients, thereby
revealing the intrinsic multiscale kinetic representation under-
lying Boltzmann model equations. This formulation, however,
implicitly assumes that equilibrium Hermite coefficients at
all orders scale identically with the Knudsen number (or
relaxation time). In contrast, the CE analysis is inherently
multiscale, relying on an asymptotic expansion in the re-
laxation time. In the present work, we therefore argue that
the equilibrium coefficients themselves should exhibit distinct
multiscale behavior, which motivates the introduction of a
Hilbert expansion [1] for these coefficients. The resulting
Boltzmann model system not only recovers the original for-
mulation of Shan et al. [16] as a limiting case but also yields a
richer dynamical hierarchy, thereby extending the multiscale
kinetic framework.

Introducing a Hilbert series for the equilibrium Her-
mite coefficients is equivalent to modifying the equilibrium
distribution with higher-order relaxation-time corrections.
Precedents for such treatments exist in mesoscopic mod-
eling: for example, the Shakhov model [18], proposed to
remedy the fixed unity Prandtl number of the BGK model
[17], and the lattice kinetic scheme, widely used for thermal
[19,20], multiphase [21], and non-Newtonian flows [22,23],
both incorporate relaxation-time-dependent corrections in the
equilibrium. More recently, Chen et al. [24] introduced an
inverse-design framework in which an undetermined source
term is added to the BGK collision, and its velocity mo-
ment constraints and Hermite expansion are determined by
matching a CE analysis to the macroscopic equations. These
models are, in essence, first-order relaxation-time modifica-
tions calibrated to recover prescribed macroscopic behavior.
However, such corrections are often introduced in an ad hoc
manner, offering limited physical interpretation and devoid
of a unified theoretical framework. To address this gap, the
present study systematically develops a multiscale analysis
of Hermite equilibria incorporating a Hilbert expansion, in-
dicating that these correction terms must satisfy asymptotic
properties with respect to the relaxation time, and constructs
a generalized kinetic theory representation applicable to the
Boltzmann model equations.

To demonstrate the capability of our proposed analysis,
we shall focus on incompressible flow modeling, one of the
most widely used applications of the Boltzmann model equa-
tions [25–28], and carry out detailed theoretical comparisons
and model derivations. We consider four representative mod-
els that are commonly used in practice: the athermal model
[29], the He-Luo model [30], the Guo model [31], and the
Zhang model [32]. In particular, the He-Luo model can be
obtained by a decomposition of the density into a mean and
a fluctuation and neglecting higher-order Mach-number terms
for the athermal model. Although the Guo and Zhang mod-
els recover the same macroscopic equations, they differ in
the construction of the equilibrium distribution: the Zhang
model employs a unified Hermite-polynomial representation
for all discrete velocities, whereas the Guo model prescribes
distinct equilibrium forms for different discrete velocities. We

emphasize that all kinetic models considered in this work are
intrinsically weakly compressible at the hydrodynamic level,
rather than enforcing a strict incompressibility constraint. The
incompressible behavior discussed here refers to the target
macroscopic regime and is recovered only asymptotically
in the low-Mach-number limit, where the governing equa-
tions reduce to the incompressible Navier-Stokes equations.

When applied to incompressible flows, these models re-
cover macroscopic equations that effectively correspond to
an artificial compressibility method [33–35]. As a result, in
addition to the hydrodynamic mechanical pressure, spurious
acoustic (artificial noise) pressure is introduced by the ar-
tificial compressibility. Compared with the athermal model,
the He-Luo, Guo, and Zhang models alleviate this noise to
varying degrees but do not eliminate it entirely. In existing
macroscopic formulations and multiple-relaxation-time lattice
Boltzmann methods (MRT-LBE) [36], such acoustic artifacts
are commonly suppressed by introducing a bulk viscosity
[37–39]. By contrast, here we develop a model (hereafter
referred to as the Qi model) that completely suppresses
artificial noise without invoking bulk viscosity, velocity di-
vergence, or auxiliary variables beyond density and velocity.
Our theoretical analysis shows that the recovered macroscopic
equations are equivalent to a hybrid formulation combining
artificial compressibility [33] with a penalty method [40],
while the higher-order errors in the viscous stress do not
surpass those of the He-Luo model. To systematically as-
sess these models, we perform simulations of incompressible
decaying turbulence, which involves both rapidly decaying
mechanical pressure and long-term spurious acoustic pres-
sure with distinct timescales [38,41], thereby delivering robust
artificial-noise suppression and precise pressure evolution.

This study aims to establish a general kinetic hierarchy for
the Boltzmann model equation and to apply this framework to
systematically analyze prior kinetic models for incompress-
ible flows, and, in addition, to develop a model. By applying
these models to simulate incompressible decaying turbulence,
we provide a quantitative comparison of their ability to sup-
press artificial noise.

The paper is organized as follows. Section II presents a
generalized CE analysis combined with the Hermite expan-
sion, in which the corresponding Hermite coefficients are
expressed as Hilbert series, leading to a kinetic hierarchy
analogous to that of Shan et al. [16]. Section III applies
our proposed framework to analyze the kinetic models for
incompressible flows, providing a unified representation of
the athermal, He-Luo, Guo, and Zhang models, as well as the
proposed Qi model, with particular emphasis on the recovered
macroscopic equations and high-order errors in the viscous
stress. Section IV simulates three-dimensional incompress-
ible decaying homogeneous turbulence, analyzing turbulent
statistics and instantaneous strain-rate contours to elucidate
differences among these models. Section V concludes with a
summary and discussion.

II. A GENERALIZED CHAPMAN-ENSKOG ANALYSIS
BASED ON HERMITE POLYNOMIALS

To introduce the proposed analysis, we consider a three-
dimensional fluid system. Let x denote the spatial coordinates,

055103-2



GENERALIZED KINETIC HIERARCHY FOR THE … PHYSICAL REVIEW E 114, 055103 (2026)

ξ the particle velocity, t the time, and ∇ the gradient operator.
The particle distribution function f (x, ξ, t ) evolves according
to a prescribed Boltzmann model equation,

D f

Dt
= ∂ f

∂t
+ ξ · ∇ f + b · ∇ξ f = − f − f eq

τ
, (1)

where τ is the relaxation time, b represents an external body
force, and f eq is the local equilibrium distribution in the BGK
collision model [17]. For the BGK model, the equilibrium
is the Maxwellian, f eq = ρ(2πRT )−3/2 exp [−c2/(2RT )],
with density ρ, gas constant R, temperature T , and thermal
fluctuating velocity c = ξ − u. In addition, the equilib-
rium in the kinetic model must satisfy the conservation
relation ∫

( f eq − f )ψdξ = 0, (2)

where ψ is the conserved variables or the athermal flows
considered here, and mass and momentum are conserved, with
ψ = [1, ξ]T . The choice of ψ defines the conserved moments
of the collision operator; incompressibility emerges only
asymptotically in the low-Mach-number limit. In Boltzmann-
equation-based numerical methods, the equilibrium distribu-
tion is commonly approximated by a finite Rth-order Hermite
expansion,

f eq ≈ f eq,(R) = w(ξ, cs)
R∑

r=0

1

r!
A(r)

i H(r)
i , A(r) ∼ O(τ 0),

(3)

where w = exp[−ξ 2/(2c2
s )]/(2πc2

s )3/2 is the weight function
associated with the reference sound speed cs and H(r)

i denotes
the rth-order Hermite polynomial [8]. The corresponding
coefficients A(r)

i are all of order O(τ 0), which will be demon-
strated subsequently.

Taking the relaxation time τ as a small parameter, the CE
expansion is then applied through a Maxwellian iteration,

f =
(

1 + τ
D

Dt

)−1

f eq ≈
P∑

p=0

(
−τ

D

Dt

)p

f eq, (4)

where P is the truncation order of the CE expansion. Unless
otherwise stated, all subsequent analyses in this work are
based on a Pth-order CE expansion. When the CE expan-
sion is combined with a Rth-order Hermite approximation of
the equilibrium, the resulting distribution function takes the
form

f ≈ f (R) ≈
P∑

p=0

R∑
r=0

1

r!

(
−τ

D

Dt

)p

w(ξ, cs)A(r)
i H(r)

i , (5)

which constitutes the kinetic hierarchy originally formulated
by Shan et al. [16].

However, the hierarchy of Shan et al. [16] presumes that
all equilibrium Hermite coefficients are O(τ 0), an assumption
that does not hold for several important extensions of the
Boltzmann model equation. In the Shakhov model [18], for
example, the collision operator may be written in BGK form
with an effective equilibrium whose third-order Hermite co-
efficient is proportional to the heat flux and is therefore O(τ )

under CE scaling. Likewise, lattice kinetic schemes [19,22,23]
introduce O(τ ) corrections to the equilibrium distribution to
recover prescribed transport properties, including the Prandtl
number and non-Newtonian viscosity. In the inverse-designed
formulations [24], the additional source term is Hermite ex-
panded and constrained by matching the CE expansion to the
target macroscopic equations; when absorbed into the BGK
equilibrium, it likewise constitutes an O(τ ) correction. These
relaxation-time-dependent equilibria are therefore not encom-
passed by the hierarchy of Shan et al. [16].

We further argue that the Hermite coefficients themselves
should admit a Hilbert expansion [1],

A(r) ≈
Q∑

q=0

τ qa(r,q), a(r,q) ∼ O(τ 0), (6)

where a(r,q) denotes the Hilbert coefficient at the qth order in
the relaxation time. This leads to a generalized equilibrium
expansion f eq,(R,Q), namely,

f eq,(R) ≈ f eq,(R,Q) = w(ξ, cs)
R∑

r=0

Q∑
q=0

τ q

r!
a(r,q)

i H(r)
i , (7)

where the first and second superscripts in the parentheses
indicate the orders of the Hermite and Hilbert expansions,
respectively. For the proposed framework, the conservation
relation Eq. (2) is equivalent to retaining only the zeroth-order
Hilbert term, i.e.,∫

[ f eq,(∞,0) − f ]ψdξ = 0,

f eq,(∞,0) = w(ξ, cs)
∞∑

r=0

1

r!
a(r,0)

i H(r)
i . (8)

The CE expansion, Hermite polynomial, and Hilbert series
can be combined to yield a generalized CE representation of
the distribution function

f ≈ f (R) ≈
P∑

p=0

R∑
r=0

Q∑
q=0

1

r!

(
−τ

D

Dt

)p

w(ξ, cs)τ qa(r,q)
i H(r)

i .

(9)

Although the convergence of the proposed series expansion
cannot be rigorously established, it is well known that the CE
expansion is, in general, asymptotic rather than convergent
[10]. By analogy with the CE analysis, we therefore assume
that D/Dt is a bounded operator and that the distribution
function f is sufficiently smooth. Under these assumptions,
the present expansion should be regarded as an asymptotic se-
ries, which remains valid for deriving hydrodynamic systems
truncated at a finite order.

Two remarks on the interpretation of the Hilbert expan-
sion Eq. (6) are noteworthy. First, f eq in the Boltzmann
model equation Eq. (1) is a modeling construct rather than
the physical Maxwellian equilibrium of the full Boltzmann
equation. Any f eq satisfying the conservation relation Eq. (2)
and recovering the target macroscopic equations through
CE analysis is admissible. Thus, the Hilbert expansion pro-
vides a systematic closure: the relaxation-time dependence
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of equilibrium coefficients does not modify the BGK re-
laxation mechanism, but introduces controlled higher-order
corrections. Second, since τ is the CE expansion parameter,
each correction τ qa(r,q) enters the macroscopic equations at
a prescribed asymptotic order, preserving the multiscale
consistency.

To construct the corresponding kinetic hierarchy, an ap-
proximation truncated at the NS level is adopted. The detailed
derivation of the resulting governing equations in this sec-
tion’s subsequent content is provided in Appendix A. After
a systematic simplification with the properties of Hermite
polynomials, the distribution f (R) reduces to

f (R) =
R∑

r=0

1

r!

[
1 − τ

D

Dt
+ O(τ 2)

]
w(ξ, cs)

[
a(r,0)

i + τa(r,1)
i + O(τ 2)

]
H(r)

i

= w

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑R
r=0

1
r! a

(r,0)
i1···irH

(r)
i1···ir − τ

(
∂a(0,0)

∂t + cs∇ia
(1,0)
i − a(0,1)

)
H(0)

−τ
∑R−1

r=1
1
r!

[
∂a(r,0)

i1···ir /∂t + cs∇ir+1 a(r+1,0)
i1···ir+1

+r(cs∇i1 − bi1/cs)a(r−1,0)
i2···ir − a(r,1)

i1···ir

]
H(r)

i1···ir

− τ
R!

[
∂a(R,0)

i1···iR/∂t − a(R,1)
i1···iR

+R(cs∇i1 − bi1/cs)a(R−1,0)
i2···iR

]
H(R)

i1···iR

− τ
R!

(
cs∇i1 − bi1

cs

)
a(R,0)

i2···iR+1
H(R+1)

i1···iR+1
+ O(τ 2)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
. (10)

Here, the first term represents the equilibrium distribution
f eq,(R,0) associated with the zeroth-order Hilbert expansion,
whose coefficients could be obtained by a Hermite ex-
pansion of the Maxwellian equilibrium. The second term
corresponds to the zeroth-order Hermite polynomial in the
first-order Hilbert expansion with the Hermite coefficient re-
covering the Euler-level continuity equation. The third term
involves Hermite polynomials of order r � 1 in the first-order
Hilbert expansion, with coefficients linked to the correspond-
ing macroscopic moment equations. Additional terms arise
from truncation errors due to the finite Rth-order Hermite
expansion.

Substituting this expansion into the conservation relation
Eq. (8) in the generalized CE analysis,∫

[ f eq,(∞,0) − f ]ψdξ ≈
∫

[ f eq,(R,0) − f (R)]ψdξ = O(τ 2),

(11)

yields the following conditions for the Hermite coefficients:
∂

∂t
a(0,0) + cs∇ · a(1,0) − a(0,1) = O(τ ), (12)

cs
∂

∂t
a(1,0) + c2

s ∇ · (a(0,0)I + a(2,0)) − ba(0,0)

− csa(1,1) = O(τ ), (13)

where I is the identity tensor. The above relations recover the
Euler-level macroscopic moment equations obtained from the
generalized CE analysis, namely,∫ (

D f

Dt
+ f − f eq

τ

)
ψdξ = 0, (14)

with the zeroth-order CE expansion for the distribution func-
tion f = f eq,(∞,0) + O(τ ). This demonstrates that enforcing
the NS-level conservation relations is, at the leading order,
equivalent to satisfying the incompressible Euler equations.
Further analysis of the Euler-level system Eqs. (12) and (13)

leads to an acoustic wave equation for the zeroth-order Her-
mite coefficient a(0,0), namely,

∂2

∂t2
a(0,0) + ∇ · (csa(1,1) + ba(0,0))

= c2
s ∇2a(0,0) + ∂

∂t
a(0,1) + c2

s ∇∇ : a(2,0) + O(τ ), (15)

which identifies the fundamental origin of spurious acoustic
noise in the Boltzmann model equation for incompressible
flow simulations.

A first-order CE expansion of the distribution function,
f = f eq,(∞,1) − τD f eq,(∞,0)/Dt + O(τ 2), substituted into the
velocity moment system Eq. (14), yields the NS-level conti-
nuity and momentum equations:

∂

∂t
a(0,0)+ cs∇ · a(1,0) − a(0,1) − τa(0,2) = O(τ 2), (16)

cs
∂

∂t
a(1,0) + ∇ · [c2

s (a(0,0)I + a(2,0)) − σ
]

− ba(0,0) − cs(a(1,1) + τa(1,2)) = O(τ 2). (17)

And the viscous stress σ in Eq. (17) is given by

σ =
∫

cc
[

f eq,(∞,0) − f
]
dξ

= τc2
s

⎡⎢⎢⎣
∂
∂t a(2,0) + cs∇ · a(3,0)

+cs(∇a(1,0) + (∇a(1,0))T )

− ba(1,0)+a(1,0)b
cs

− a(2,1)

⎤⎥⎥⎦ + O(τ 2), (18)

where the superscript T denotes the transpose of a
second-order tensor. Within this generalized CE frame-
work, the Euler equations Eqs. (12) and (13) and the NS
equations Eqs. (16) and (17) are consistently recovered.
The presence of a hierarchy of Hilbert coefficients pro-
vides a systematic avenue to incorporate the higher-order
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corrections, providing both flexibility and broad applicability
to the formulation.

III. A UNIFIED KINETIC MODEL
FOR INCOMPRESSIBLE FLOWS

We have outlined the formal structure of the generalized
CE expansion; its specific expression becomes evident when
applied to particular kinetic models. In this paper, we there-
fore consider incompressible flows, the most widely studied
application of the Boltzmann model equation, as a representa-

tive case for systematic kinetic analysis. For the NS level, the
first-order CE expansion of the distribution function reads

f = f eq,(∞,1) − τ

(
∂

∂t
+ ξ · ∇

)
f eq,(∞,0)

− τb · ∇ξ f + O(τ 2), (19)

where the term b · ∇ξ f represents the contribution of the ex-
ternal force and is treated separately by a Hermite expansion.
To achieve accurate incompressible-flow simulations with a
minimal particle velocity set, the Hermite expansion is trun-
cated at second order, yielding

f eq ≈ f eq,(2,1) = w(ξ, cs)

[
(a(0,0) + τa(0,1))H(0) + (a(1,0) + τa(1,1) + τ 2a(1,2))
·H(1) + (a(2,0) + τa(2,1) + τ 2a(2,2)) : H(2)/2

]
, (20)

b · ∇ξ f ≈ (b · ∇ξ f )(2) = w(ξ, cs)

(
B(1) · H(1) + 1

2
B(2) : H(2)

)
, (21)

where cs = √
RT is a constant for incompressible flows and

B(1) and B(2) are the first- and second-order Hermite coeffi-
cients for the external force term, respectively. Substituting
these expressions into the velocity-moment equations Eq. (14)
leads to the NS-level macroscopic system

∂

∂t
a(0,0) + cs∇ · a(1,0) − a(0,1) − τa(0,2) = 0, (22)

cs
∂

∂t
a(1,0) + ∇ · [c2

s (a(0,0)I + a(2,0)) − σ
]

+ cs(B(1) − a(1,1) − τa(1,2)) = 0, (23)

where the viscous stress σ associated with the external force
term is given by

σ =
∫

cc[ f eq,(2,0) − f ]dξ

= τc2
s

[
∂
∂t a(2,0) − a(2,1) + B(2)

+cs(∇a(1,0) + (∇a(1,0))T )

]
+ O(τ 2). (24)

Moreover, a similar analysis can be conducted at the Euler
level, and the corresponding acoustic equation Eq. (15) takes
the form

∂2

∂t2
a(0,0) + cs∇ · (a(1,1) − B(1) )

= ∂

∂t
a(0,1) + c2

s (∇2a(0,0) + ∇∇ : a(2,0)) + O(τ ). (25)

And these formulations establish a unified theoretical frame-
work for the systematic analysis and comparison of different
kinetic models.

In the following subsections, we examine, within the pro-
posed unified framework, several classical kinetic models for
incompressible flows, including the athermal model [29], the
He-Luo model [30], the Guo model [31], and the Zhang model
[32], and we further introduce the Qi model proposed in this
work. In addition, for these kinetic models, we derive a unified
on-wall bounce-back boundary condition for the distribution

function at the NS level. The detailed derivation of this bound-
ary condition is provided in Appendix B.

Here we clarify two points. First, all kinetic models
considered here are weakly compressible, and the term
“incompressible” refers to the target macroscopic regime re-
covered in the low-Mach-number limit rather than a strict
kinetic constraint. Second, the athermal, He-Luo, Guo, and
Zhang models satisfy a(r,q) = 0 for q � 1, corresponding to
Q = 0 in Eq. (6); their equilibria are independent of τ and thus
belong to the hierarchy of Shan et al. [16]. In contrast, the Qi
model introduced in Sec. III D has nonzero a(0,1) and a(2,1),
requiring Q � 1 and as such extending beyond this hierarchy.

A. The athermal model

The first model considered here is the athermal model
[29], which is obtained directly by performing a Her-
mite expansion of the exponential equilibrium f eq =
ρ(2πRT )−3/2 exp [−c2/(2RT )] to the second order. Within
this framework, the Hilbert coefficients and the Hermite co-
efficients for the external force term are explicitly given by

a(0,0) = ρ, a(1,0) = ρ
u
cs

, a(2,0) = ρ
uu
c2

s

, (26)

a(0,1) = a(0,2) = 0, a(1,1) = a(1,2) = a(2,1) = a(2,2) = 0,

(27)

B(1) = −ρ
b
cs

, B(2) = −ρ
bu + ub

c2
s

. (28)

And the equilibrium for the athermal model may be expressed
as

f eq = ρw(ξ, cs)

{
1 + u · ξ

c2
s

+ 1

2

[(
u · ξ

c2
s

)2

− u2

c2
s

]}
. (29)

The corresponding NS-level macroscopic moment equa-
tions read

∂

∂t
ρ + ∇ · (ρu) = 0, (30)
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∂

∂t
(ρu) + ∇ · (c2

s ρI + ρuu − σ
) = ρb, (31)

with the viscous stress given by

σ = τ

[
∂

∂t
(ρuu) − ρ(bu + ub) + c2

s ∇(ρu) + c2
s [∇(ρu)]T

]
+ O(τ 2)

= τρc2
s [∇u + (∇u)T ] − τ∇ · (ρuuu) + O(τ 2), (32)

where τc2
s is equal to the kinematic viscosity ν. Here ∇ ·

(ρuuu) denotes an error term of O(Ma3) where Ma is the
Mach number, arising from truncation of the Hermite expan-
sion of the exponential equilibrium. This error vanishes if a
sufficiently high order is retained in the Hermite expansion,
such that the third-order coefficient satisfies a(3,0) = ρuuu/c3

s .
Furthermore, the resulting acoustic equation recovered by this
model is

∂2ρ

∂t2
= c2

s ∇2ρ + ∇∇ : (ρuu) − ∇ · (ρb) + O(τ ), (33)

which coincides with the acoustic equation for the athermal
flows [42].

B. The He-Luo model

The second model considered is the He-Luo model [30],
which can be obtained directly from the athermal model by
decomposing the density into a mean component ρ0 and a
fluctuation δρ. Within the present framework, the Hilbert co-
efficients and the Hermite coefficients for the external force
term take the form

a(0,0) = δρ, a(1,0) = ρ0
u
cs

, a(2,0) = ρ0
uu
c2

s

, (34)

a(0,1) = a(0,2) = 0, a(1,1) = a(1,2) = a(2,1) = a(2,2) = 0,

(35)

B(1) = −ρ0
b
cs

, B(2) = −ρ0
bu + ub

c2
s

. (36)

And the equilibrium for the He-Luo model can be given as

f eq = w(ξ, cs)

{
δρ + ρ0

u · ξ

c2
s

+ ρ0

2

[(
u · ξ

c2
s

)2

− u2

c2
s

]}
.

(37)

The corresponding NS-level moment equations are
∂δρ

∂t
+ ρ0∇ · u = 0, (38)

ρ0
∂u
∂t

+ ∇ · (c2
s δρI + ρ0uu − σ

) = ρ0b, (39)

with the viscous stress given as

σ = τρ0c2
s [∇u + (∇u)T ]

+ τρ0

[
∂ (uu)

∂t
− bu − ub

]
+ O(τ 2)

= τρ0c2
s [∇u + (∇u)T ] − τc2

s [u∇δρ + (u∇δρ)T ]

− τρ0[uu · ∇u + (uu · ∇u)T ] + 2τuu
∂δρ

∂t
+ O(τ 2),

(40)

where the second equality follows from the macroscopic mo-
ment equations and the last three terms in the last equation are
model errors of O(Ma3). In contrast to the athermal model,
these errors cannot be eliminated by increasing the order of
the Hermite expansion of the equilibrium.

At the Euler level, the recovered acoustic equation reads

∂2δρ

∂t2
= c2

s ∇2δρ + ρ0∇∇ : (uu) − ρ0∇ · b + O(τ ). (41)

In the absence of external force and for a quiescent flow (u =
0 and b = 0), this equation has a traveling-wave solution

δρ = C exp [i(kw · x ± cs|kw|t )], (42)

where C is a constant and kw is the wave vector. This behavior
indicates the lack of an effective dissipation mechanism for
density fluctuations in the He-Luo model, leading to pro-
nounced numerical oscillations in the hydrodynamic pressure
p = c2

s δρ, which constitutes an intrinsic limitation of the
model for incompressible simulations.

C. The Guo model and the Zhang model

We consider the Guo and Zhang models [31,32] together,
as they recover identical macroscopic equations and differ
only in the construction of the equilibrium distribution: the
Guo model prescribes distinct equilibria for different discrete
velocities, whereas the Zhang model employs a unified Her-
mite expansion. For brevity, we detail the analysis for the
Zhang model; the Guo model follows analogously and is
summarized at the end of this subsection.

For the Zhang model [32], the Hilbert coefficients and the
Hermite coefficients for the external force term read

a(0,0) = ρ0, a(1,0) = ρ0
u
cs

, a(2,0) = ρ0
uu
c2

s

+
(

p

c2
s

− ρ0

)
I,

(43)

a(0,1) = a(0,2) = 0, a(1,1) = a(1,2) = a(2,1) = a(2,2) = 0,

(44)

B(1) = −ρ0
b
cs

, B(2) = −ρ0
bu + ub

c2
s

, (45)

where p is the hydrodynamic pressure. Consequently, the
equilibrium for the Zhang model can be represented as

f eq = w(ξ, cs)

{
ρ0 + ρ0

u · ξ

c2
s

+ ρ0

2

[(
u · ξ

c2
s

)2

− u2

c2
s

]

+
(

p

c2
s

− ρ0

)(
ξ 2

2c2
s

− D

2

)}
, (46)

where D is the dimension for the spatial coordinate x. In
the Zhang model, hydrodynamic pressure p is represented
in the second-order Hermite coefficient of the equilibrium
distribution, indicating that pressure as well as momentum

055103-6



GENERALIZED KINETIC HIERARCHY FOR THE … PHYSICAL REVIEW E 114, 055103 (2026)

are regarded as conserved variables. This may not correspond
with the true physics of incompressible fluids.

The NS-level equations for the Zhang model are

ρ0∇ · u = O(τ 2), (47)

ρ0
∂u
∂t

+ ∇ · (ρ0uu + pI − σ ) = ρ0b. (48)

As implied by Eq. (47), incompressibility of the velocity field
is enforced only at the NS level, and there are higher-order
residual errors. The viscous stress σ takes the form

σ = τρ0c2
s [∇u + (∇u)T ] + τ

[
∂

∂t
(ρ0uu + pI)

− ρ0(bu + ub)

]
+ O(τ 2)

= τρ0c2
s [∇u + (∇u)T ] − τc2

s [u∇δρ + (u∇δρ)T ]

− τρ0[uu · ∇u + (uu · ∇u)T ] + τ
∂ p

∂t
I + O(τ 2), (49)

where the second equality is derived from the macroscopic
moment equations and the last three terms in the last equa-
tion are model errors that cannot be eliminated by increasing
the Hermite order. Notably, only the last term in Eq. (49)
differs from that in Eq. (40) for the He-Luo model: it is pro-
portional to the temporal derivative of the local hydrodynamic
pressure, rather than to the temporal derivative of coupled
velocity and density fluctuation, leading to distinct behavior
in the recovered viscous stress.

For the Zhang model, the zeroth-order Hermite coefficient
a(0,0) is prescribed as a constant rather than treated as a dy-
namical variable. Consequently, at the Euler level the acoustic
wave equation for a(0,0) in Eq. (15) no longer involves its time
derivative. Instead, it reduces to a pressure Poisson equation,

∇∇ : (ρ0uu + pI) − ρ0∇ · b = O(τ ), (50)

which is consistent with the role of hydrodynamic pressure in
incompressible flows. However, since the velocity is not guar-
anteed to be divergence free, higher-order dilatational velocity
components at O(τ 2) may still contaminate the hydrodynamic
pressure through this relation.

For the Guo model [31], we adopt

f eq =
⎧⎨⎩− p

c2
s
+ w(ξ,cs )

c2
s

{
p + ρ0

[
u · ξ + uu

2 :
(

ξξ

c2
s
− I

)]}
for ξ = 0,

w(ξ,cs )
c2

s

{
p + ρ0

[
u · ξ + uu

2 :
(

ξξ

c2
s
− I

)]}
for ξ �= 0,

(51)

and the analysis proceeds in the same manner. The recovered
macroscopic equations, viscous stress, and pressure Poisson
equation are identical to those of the Zhang model; the de-
tailed derivation is therefore omitted for conciseness.

D. Present model (the Qi model)

To remedy the lack of numerical damping for density
fluctuations in the He-Luo model [30], we propose a for-
mulation, hereafter referred to as the Qi model. As in the
He-Luo model, the density is decomposed into a mean com-
ponent ρ0 and a fluctuation δρ, preserving a clear physical
interpretation. The key modification is the introduction of
an oscillation-suppression term χδρ, where χ is a tunable
parameter designed to attenuate spurious oscillations; its ad-
missible range is determined below.

The Hilbert coefficients and Hermite coefficients for the
external force term are

a(0,0) = δρ, a(1,0) = ρ0
u
cs

,

a(2,0) = ρ0
uu
c2

s

, a(0,1) = χδρ, (52)

a(0,2) = 0, a(1,1) = a(1,2) = a(2,2) = 0,

a(2,1) = −2χδρ
uu
c2

s

, (53)

B(1) = −ρ0
b
cs

, B(2) = −ρ0
bu + ub

c2
s

, (54)

and the model degenerates to the He-Luo formulation when
χ = 0. Thus, the equilibrium distribution for the Qi model is

f eq = w(ξ, cs)

{
δρ(1 + τχ ) + ρ0

u · ξ

c2
s

+
(ρ0

2
− τχδρ

)[(u · ξ

c2
s

)2

− u2

c2
s

]}
. (55)

The macroscopic moment equations at the NS level are
∂δρ

∂t
+ ρ0∇ · u = χδρ, (56)

ρ0
∂u
∂t

+ ∇ · (c2
s δρI + ρ0uu − σ

) = ρ0b, (57)

where the treatment of the incompressible continuity equa-
tion adopted here is mathematically equivalent to a hybrid
strategy combining both the artificial compressibility [33] and
the penalty parameter [40]. The viscous stress σ is

σ = τρ0c2
s [∇u + (∇u)T ] + τρ0

[
∂ (uu)

∂t
− (bu + ub)

]
+ 2τχδρuu + O(τ 2)

= τρ0c2
s [∇u + (∇u)T ] − τc2

s [u∇δρ + (u∇δρ)T ]

− τρ0[uu · ∇u + (uu · ∇u)T ] + 2τuu
∂δρ

∂t
+ O(τ 2),

(58)

where the second equality is obtained by the macroscopic
moment equations and the last three terms in the final equa-
tion coincide with those of the He-Luo model, implying that
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the Qi model does not introduce larger errors for the viscous
stress. The additional term 2τχδρuu in the first line originates
from the −a(2,1) contribution in Eq. (24). Using the modified
continuity equation, this contribution is exactly canceled by
the time-derivative term in τρ0∂ (uu)/∂t . Hence, the Qi and
He-Luo models yield the same viscous stress, Eq. (40), up
to O(τ 2). Moreover, effective suppression of spurious oscilla-
tions reduces the contribution of ∂δρ/∂t to the viscous stress.

We conduct a further analysis of the acoustic wave equa-
tion pertaining to the density perturbation δρ in the Qi model.
For the density fluctuation, the corresponding acoustic equa-
tion becomes

∂2δρ

∂t2
= χ

∂δρ

∂t
+ c2

s ∇2δρ + ∇∇ : (ρ0uu)

− ρ0∇ · b + O(τ ). (59)

For a quiescent flow without forcing (u = 0 and b = 0), the
equation admits the traveling-wave solution

δρ = C exp

[
ikw · x + t

2

(
χ ±

√
χ2 − 4c2

s |kw|2)]
≈ C exp

[
i(kw · x ± cs|kw|t ) + t

2
χ

]
. (60)

Here we note that a negative χ provides exponential damping
of spurious oscillations; however, excessively large negative
values would violate the asymptotic consistency of the Hilbert
expansion in the relaxation time τ . Consequently, χ should
satisfy χ ∼ O(1) with χ � 0.

IV. MESOSCOPIC SIMULATIONS OF
THREE-DIMENSIONAL INCOMPRESSIBLE DECAYING

TURBULENCE

To enable a systematic comparison of the kinetic mod-
els discussed in Sec. III, incompressible decaying turbulence
is considered as a benchmark case. All simulations are
performed using the discrete unified gas-kinetic scheme
(DUGKS) [14], a finite-volume Boltzmann solver, with nu-
merical implementation following Qi et al. [43,44]; a brief
description of the method is provided in Appendix C.
DUGKS permits an off-lattice configuration for the parti-
cle velocity space, decoupling particle velocities from the
physical space grid. The distribution function is discretized
using the three-dimensional D3V13A5 velocity set [16,45],
which achieves fifth-order Gauss-Hermite quadrature accu-
racy with only 13 discrete velocities. To the best of our
knowledge, this constitutes the minimal velocity set currently
available for three-dimensional incompressible-flow simula-
tions within a mesoscopic framework. The corresponding
weights and abscissae of this velocity set are provided in
Appendix D.

The choice of decaying turbulence is motivated by three
considerations. First, for an artificial compressibility method,
the hydrodynamic pressure and spurious acoustic pressure
decay on distinct timescales, allowing the numerical noise
to be apparently separated at later stages [38,41]. Second,
incompressible decaying turbulence admits accurate refer-
ence results from pseudospectral (PS) methods [46], in
which the velocity field is strictly divergence free, facilitating

quantitative validation. Third, this configuration is well suited
to Helmholtz-Hodge decomposition [47,48] in the spec-
tral space, enabling a clear separation of solenoidal and
dilatational velocity components induced by artificial com-
pressibility, which is essential for the subsequent analysis.

In addition, to assess the performance of the differ-
ent models in wall-bounded flows, Appendix E presents
simulations of the two-dimensional lid-driven cavity flow.
These two-dimensional computations are performed using
the same DUGKS implementation, but with the velocity
space discretized by the on-lattice D2Q9A5 velocity set,
which consists of nine discrete velocities and is also de-
tailed in Appendix D. For brevity, the main text focuses
on the three-dimensional incompressible decaying turbulence
simulations.

A. Problem statement and parameter settings

The decaying turbulence simulations are conducted in a
periodic cubic domain of size L3 = 2π3, discretized using a
uniform Cartesian grid. For the PS case, the reference density
is set to ρ0 = 1.0. And the initial condition is prescribed
as an incompressible Gaussian random velocity field with
a given radial kinetic energy spectrum E (k, t = 0) in spec-
tral space. An inverse Fourier transform is then applied to
obtain a divergence-free velocity field u(x, t = 0) in phys-
ical space. Specifically, the initial energy spectrum is given
by

E (k, t = 0) =
{

A0k4 exp
( − 2k2/k2

0

)
, for 3 � k � 8,

0, for others,
(61)

where k denotes the wave-number magnitude for the wave
number k, A0 = 2 × 10−3, and k0 = 4. All DUGKS simu-
lations use exactly the same initial velocity field as the PS
case, while the corresponding initial pressure and density
fluctuations are obtained by solving the pressure Poisson
equation associated with the given velocity field.

For incompressible decaying turbulence, a detailed assess-
ment of flow statistics and energy spectra obtained with a
mesoscopic approach (MRT-LBE) was reported by Qi et al.
[38]. And the study showed that the pressure, dilatation (ve-
locity divergence), and dilatational velocity component are the
quantities most strongly affected by artificial compressibility
effects. Accordingly, the present work focuses on a subset of
representative statistics that are particularly sensitive to these
effects. The turbulent kinetic energy K , dissipation rate ε, and
root-mean-square (rms) velocity urms are defined as

K = 〈u · u〉
2

, ε = 2ν〈Si jSi j〉, urms =
√

〈u · u〉
3

, (62)

where 〈· · · 〉 denotes spatial averaging, S = [∇u + (∇u)T ]/2
is the strain rate tensor, and we note that all the derivatives
in the postprocessing are calculated in the spectral space
to achieve exponential accuracy. The Kolmogorov length
scale η, the Taylor microscale λ, the Taylor microscale
Reynolds number Reλ, the turbulent Mach number Mat ,
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FIG. 1. Evolutions of (a) the normalized turbulent kinetic energy K/K (0) and (b) the normalized dissipation rate ε/ε(0) for Reλ,0 = 49.02.
“PS” denotes the reference data calculated by the PS method, and “HL” represents the He-Luo model.

the rms dilatation ϑrms, and the rms pressure prms are as
follows:

η =
(

ν3

ε

)1/4

,

λ =
√

3urms√〈(∂ux/∂x)2 + (∂uy/∂y)2 + (∂uz/∂z)2〉 , (63)

Reλ = urmsλ

ν
, Mat = urms

cs
,

ϑrms =
√

ϑ2, prms =
√

(p − p0)2, (64)

where ϑ = ∇ · u is the dilatation and p0 = ρ0c2
s is the refer-

ence pressure. The solenoidal velocity us and the dilatational
velocity ud are determined in the spectral space, i.e.,

ûs(k, t ) = û(k, t ) − û(k, t ) · k
k2

k, ûd (k, t ) = û(k, t ) · k
k2

k,

(65)

where ̂(· · · ) denotes the converted physical variable in the k
spectral space. And the rms solenoidal velocity us,rms and the
rms dilatational velocity ud,rms are evaluated by

us,rms =
√

〈us · us〉
3

, ud,rms =
√

〈ud · ud〉
3

. (66)

Furthermore, the velocity-derivative skewness Su and flatness
Fu averaged over three directions are

Su = 〈[(∂ux/∂x)3 + (∂uy/∂y)3 + (∂uz/∂z)3]/3〉
〈[(∂ux/∂x)2 + (∂uy/∂y)2 + (∂uz/∂z)2]/3〉3/2

, (67)

Fu = 〈[(∂ux/∂x)4 + (∂uy/∂y)4 + (∂uz/∂z)4]/3〉
〈[(∂ux/∂x)2 + (∂uy/∂y)2 + (∂uz/∂z)2]/3〉2

. (68)

Based on the parameter study of Qi et al. [38] concern-
ing the effects of the initial Mach number, grid resolution,

and bulk viscosity, we compare the aforementioned kinetic
models by considering two representative cases with different
initial Reynolds numbers. All simulations employ the same
prescribed initial energy spectrum Eq. (61), yielding an initial
rms velocity urms,0 = 1.036. In the DUGKS framework, the
reference sound speed is fixed at cs = 14.17, so that the initial
turbulent Mach number is identical for all cases, Mat,0 =
0.073 13.

In case 1, the initial Taylor-scale Reynolds number is
Reλ,0 = 49.02, with kinematic viscosity ν = 1.040 × 10−2,
time step �t = 8 × 10−4, and a uniform grid of 2563. Al-
though the Kolmogorov length scale η evolves in time, the
spatial resolution always satisfies kmaxη � 4.072, which is
sufficient to resolve all small-scale structures in the incom-
pressible turbulence [38,49].

Case 2 corresponds to a higher Reynolds number, Reλ,0 =
95.36, obtained with ν = 5.400 × 10−3. The time step is re-
duced to �t = 3 × 10−4, and the grid is refined to 3843.
For this case, the resolution criterion kmaxη � 3.938 is main-
tained throughout the simulation, ensuring adequate grid
convergence.

As the athermal model exhibits the worst performance in
suppressing spurious acoustic noise, its results are omitted
from the subsequent contents. The discussions that follow
therefore focus on the He-Luo, Guo, and Zhang models;
two Qi-model variants with χ = −0.3 and −3.0; and the PS
method used as a reference.

B. Temporal evolution of turbulent statistics

This subsection examines the temporal evolution of key
flow statistics predicted by the different kinetic models. Fig-
ure 1 shows the results for the lower-resolution case Reλ,0 =
49.02. As shown in Fig. 1(a), the normalized kinetic energy
decays monotonically, and all kinetic models yield virtually
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FIG. 2. Evolutions of the velocity-derivative (a) skewness Su and (b) flatness Fu for Reλ,0 = 49.02.

indistinguishable results. The dissipation rate in Fig. 1(b) in-
creases as small-scale vortical structures develop, reaches a
maximum at normalized times 0.2 < t̃ < 0.3, and then de-
cays. Again, the predictions of the kinetic models collapse
closely onto one another, with only minor deviations from the
PS result. The higher-resolution case Reλ,0 = 95.36 exhibits
the same qualitative behavior for both kinetic energy and
dissipation rate and is therefore not discussed further.

We next examine higher-order statistics that characterize
small-scale turbulent dynamics, namely the skewness as-
sociated with vortex stretching, and the flatness reflecting
turbulent intermittency. Figure 2 presents the temporal evo-
lution of these quantities for the case Reλ,0 = 49.02. The
skewness decreases from zero to approximately −0.5, while
the flatness increases from zero to about 4.2 before gradually
decaying. During the early stage (t̃ < 1.5), all models yield
nearly identical results. At later times, discrepancies emerge
both among the kinetic models and between the mesoscopic
and PS curves. Notably, the Guo and Zhang models produce
almost indistinguishable curves, both exhibiting pronounced
oscillations induced by spurious noise. By contrast, the Qi
model with χ = −0.3 follows the overall trend of the He-Luo
model while partially suppressing these oscillations. When χ

is reduced to −3.0, the Qi model effectively eliminates the
spurious oscillations in both skewness and flatness, yielding
results that lie between those of the He-Luo and PS curves.
For models lacking an explicit noise-damping mechanism, the
oscillation amplitude increases with time, indicating that the
decay timescale of spurious noise exceeds that of the turbulent
kinetic energy.

For the case with an increased initial Reynolds number
Reλ = 95.36, the temporal evolutions of skewness and flat-
ness are shown in Fig. 3. The peak skewness remains close
to −0.5, whereas the peak flatness increases to about 4.7, in-
dicating enhanced intermittency at higher Reynolds numbers.

All methods yield nearly identical results during the first two
nondimensional times, after which noticeable discrepancies
emerge. The behaviors of the Zhang and Guo models, as
well as of the Qi model with different values of χ , closely
mirror those observed in Fig. 2. Across both Reλ,0 cases, the
results consistently indicate that the Qi model significantly
mitigates the impact of spurious noise on small-scale turbulent
dynamics for moderate χ , and completely suppresses such
noise when |χ | is sufficiently large.

Figure 4 shows the temporal evolution of the rms pressure
for different Reynolds numbers. Overall, the rms pres-
sure exhibits an approximate power-law decay. Beyond a
nondimensional time t̃ of about 1.5, however, pronounced
deviations from the PS results emerge for several mesoscopic
models. The He-Luo model displays the largest amplitude
of spurious pressure oscillations, corresponding to its largest
deviation from the rms pressure fluctuation compared to the
PS method. The Zhang and Guo models behave almost identi-
cally: although the oscillation amplitude is reduced relative to
the He-Luo model, it is not fully eliminated. In contrast, the Qi
model provides a marked improvement. Even with a modest
damping parameter χ = −0.3, pressure oscillations are sup-
pressed more effectively than in the Zhang and Guo models,
while for a larger magnitude χ = −3.0, the Qi model’s re-
sults are in near-perfect agreement with the PS curve. This
behavior is consistent across both Reynolds numbers consid-
ered, demonstrating that the Qi model can robustly eliminate
spurious pressure fluctuations.

To quantify the discrepancy between the rms pressure ob-
tained from mesoscopic simulations and the corresponding PS
reference, we define the relative deviation

�prms =
∣∣∣∣ prms

pPS
rms

− 1

∣∣∣∣, (69)
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FIG. 3. Evolutions of the velocity-derivative (a) skewness Su and (b) flatness Fu for Reλ,0 = 95.36.

where prms is the rms pressure obtained from the mesoscopic
simulations and pPS

rms is the corresponding reference value
computed using a PS method. The relative deviations for cases
1 and 2 at selected nondimensional time t̃ are summarized in
Table I.

Overall, as time advances, the hydrodynamic pressure as-
sociated with the flow progressively decays, while the acoustic
pressure becomes increasingly prominent; consequently, the
relative deviation �prms grows with time. This trend is ob-
served consistently for both cases across the different kinetic

models. Compared with the He-Luo model, the Guo and
Zhang models yield slightly smaller relative deviations, al-
though they remain of the same order of magnitude. For the
Qi model with χ = −0.3, the relative deviation is further
reduced and remains consistently smaller than those of the
other three models. Notably, when χ = −3.0 is employed, the
relative deviation drops below 10% for case 2, indicating that
the spurious pressure fluctuations are dramatically suppressed
and the coefficient χ might be dependent on the Reynolds
number.
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FIG. 4. Evolutions of the normalized rms pressure fluctuation prms/prms(0) for (a) Reλ,0 = 49.02 and (b) Reλ,0 = 95.36.
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TABLE I. Relative deviation �prms of the rms pressure at selected times for cases 1 and 2 with different models.

�prms (%)

Case 1 t̃ = 1.245 t̃ = 2.490 t̃ = 3.752 t̃ = 4.998 t̃ = 6.260 t̃ = 7.505

He-Luo model 17.33 85.55 148.8 256.8 546.2 807.3
Guo model 4.190 28.61 139.6 268.3 360.5 530.4
Zhang model 4.190 28.61 139.6 268.3 360.5 530.4
Qi model, χ = −0.3 14.90 64.29 100.2 159.4 317.9 427.6
Qi model, χ = −3.0 4.095 3.344 0.9523 0.3428 0.08360 0.3608

�prms (%)

Case 2 t̃ = 1.000 t̃ = 2.001 t̃ = 2.998 t̃ = 4.002 t̃ = 4.999 t̃ = 6.002

He-Luo model 29.31 181.4 330.6 429.2 507.8 648.7
Guo model 16.18 124.4 206.9 340.4 430.1 375.4
Zhang model 16.18 124.4 206.9 340.4 430.1 375.4
Qi model, χ = −0.3 24.23 137.0 221.5 257.7 274.0 309.6
Qi model, χ = −3.0 4.039 7.802 6.941 4.956 5.189 8.308

Compared with the PS method, in which the velocity field
is strictly divergence free, the velocity obtained by DUGKS
exhibits a small but finite divergence, indicating that residual
compressibility affects the small-scale dynamics. Figure 5
shows the temporal evolution of the normalized rms dilatation
for the two initial Reynolds numbers considered. Because the
initial velocity field is divergence free, the dilatation exhibits
a drastically initial jump. Thereafter, the normalized dilatation
predicted by the He-Luo, Guo, and Zhang models remains
nearly constant in time: the He-Luo model yields the largest
level, while the Guo and Zhang models give almost identical
results at a relatively lower level. In contrast, the Qi model
displays an approximately linear decay of dilatation with t̃ ,

with a decay rate that increases with |χ |. For sufficiently
large |χ |, the dilatation rapidly decreases to a level close to
round-off error, indicating an effective suppression of residual
compressibility effects.

Figure 6 shows the temporal evolution of the ratio between
the rms dilatational velocity and the rms solenoidal velocity
(hereafter referred to as the rms velocity ratio) for the differ-
ent models. Overall, apart from a brief initial decrease, the
velocity ratio increases with time, indicating a progressively
larger contribution of dilatational motions to the turbulent
field. Among the models considered, the He-Luo model yields
the largest velocity ratio, followed by the Guo and Zhang
models, whose results are comparable. For the Qi model,
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FIG. 5. Evolutions of the normalized rms dilatation ϑrmsλ/urms for (a) Reλ,0 = 49.02 and (b) Reλ,0 = 95.36.
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FIG. 6. Evolutions of the rms velocity ratio ud,rms/us,rms for (a) Reλ,0 = 49.02 and (b) Reλ,0 = 95.36.

the behavior depends sensitively on the parameter χ . When
|χ | is small, the velocity ratio is initially higher than that of
the Guo model but subsequently decays and eventually falls
below it [as shown in Fig. 6(b)]. When |χ | is sufficiently
large, the velocity ratio decreases monotonically throughout
the simulation. These observations indicate that the χ term
effectively introduces an additional dissipation mechanism
for dilatational turbulent kinetic energy, thereby efficiently
suppressing compressibility-induced noise.

C. Instantaneous flow structures

In Sec. III, we analyzed the higher-order errors intro-
duced by different kinetic models in the recovery of viscous
stresses. The analysis showed that the Guo and Zhang mod-
els exhibit identical behavior, whereas the Qi model follows
the same error structure as the He-Luo model. Since all
models share the same kinematic viscosity ν, differences
in viscous stresses are equivalent to differences in the pre-
dicted strain-rate fields. As the strain-rate fields at the two

FIG. 7. Contours of the strain-rate components (a) Sxx and (b) Sxy on z = π/2 for Reλ,0 = 95.36 at t̃ = 1.305. The line styles and colors
correspond to the same cases as in Fig. 6.
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FIG. 8. Contours of the strain-rate components (a) Sxx and (b) Sxy on z = π/2 for Reλ,0 = 95.36 at t̃ = 3.929. The line colors correspond
to the same cases as in Fig. 6.

Reynolds numbers exhibit qualitatively similar features, only
the higher-Reynolds-number case is presented for brevity. Un-
der isotropic conditions, we compare contours of the normal
strain rate Sxx and the shear strain rate Sxy at two representative
instants, t̃ = 1.305 and 3.929, taken from the high-resolution
3843 simulation. At the earlier instant, no significant dif-
ferences are observed in the skewness and flatness across
different mesoscopic models. In contrast, at the later instant,
apparent divergences emerge in both skewness and flatness
among these models.

At t̃ = 1.305, the skewness and the flatness are nearly
identical across all models, indicating that accumulated er-
rors have not yet led to significant divergence in small-scale
structures. As shown in Fig. 7, the contours of Sxx and Sxy

are smooth and essentially free of spurious noise and artificial
compressibility. The Guo and Zhang models coincide exactly.
While the overall patterns predicted by the Guo and He-Luo
models are similar, discrepancies appear in local contours and
the finest-scale features. The Qi model closely overlaps with
the He-Luo model for small |χ |; as |χ | increases, its global
structure remains similar to the He-Luo model, but localized
deviations emerge at small scales, with a spatial pattern dis-
tinct from that of the Guo model.

Figure 8 presents the contour fields at t̃ = 3.929. By this
stage the flow has reached a quasisteady regime: interac-
tions among vortex tubes have weakened and the contours
become noticeably sparser. The skewness and the flatness
indicate that differences in the small-scale structures have
already emerged. A direct comparison shows that the Guo
model (which coincides with the Zhang model) differs from
the He-Luo model in fine-scale features. The Qi model col-
lapses onto the He-Luo model for small |χ |; for larger |χ |,
it remains consistent with He-Luo at large scales but exhibits
distinct deviations at small scales that are not observed in the
Guo and Zhang results. Taken together with the analysis at

earlier times, these contour comparisons demonstrate that the
Qi model constitutes an independent kinetic model, distinct
from the Guo model, while recovering the He-Luo model in
the appropriate limiting case. A probable explanation for this
differentiation is that the Qi model proficiently mitigates the
temporal derivative of density fluctuation in the viscous stress,
whereas the rest of the models fail to address the temporal
derivative of density fluctuation or pressure.

V. DISCUSSION AND CONCLUSIONS

We propose a theoretical framework for the Boltzmann
model equation that enables a systematic identification of the
hierarchy of macroscopic equations it can recover. Similar
in spirit to the systematic analyzes of Shan et al. [16], the
present approach is also built upon the CE analysis combined
with a Hermite expansion of the equilibrium distribution while
including Hilbert expansions for the Hermite coefficients.
We show, however, that the framework of Shan et al. [16]
is not readily compatible with several practically important
extensions of Boltzmann model equations, such as the lattice
kinetic scheme [19] and inverse-designed frameworks [24].
The underlying reason is that their Hermite expansion implic-
itly assumes all coefficients to be of the same Knudsen number
(or relaxation time) order, which is inconsistent with the mul-
tiscale asymptotic structure inherent in the CE analysis.

To resolve this inconsistency, we further introduce a
Hilbert expansion of the Hermite coefficients of the equi-
librium distribution, expressing them as asymptotic series
in the relaxation time. Within this extended framework, the
Boltzmann model equation admits a richer kinetic hierar-
chy, in which different Hilbert orders correspond to distinct
macroscopic evolution equations. The proposed approach not
only unifies the derivation of existing models but also pro-
vides a systematic theoretical basis for the construction of
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broader and more flexible mesoscopic models of complex
flows.

To demonstrate the applicability of the proposed frame-
work to Boltzmann model equations, we first formulate a
general class of kinetic models for incompressible flows.
Within this setting, four representative models from the lit-
erature, the athermal model [29], the He-Luo model [30],
the Guo model [31], and the Zhang model [32], are sys-
tematically analyzed, together with the developed Qi model.
The analysis reveals that, among existing models, the He-
Luo model inevitably generates spurious pressure oscillations
induced by artificial compressibility, which cannot be elimi-
nated. Although the Guo and Zhang models recover identical
macroscopic equations, they do not strictly enforce velocity
divergence free and likewise lack an effective mechanism to
suppress pressure oscillations. Moreover, the He-Luo and Guo
models differ in the higher-order error terms associated with
the recovered viscous stress. We recall that all these models
are weakly compressible at the hydrodynamic level: “in-
compressible” refers to the low-Mach-number macroscopic
regime they are designed to recover, and the Qi model sup-
presses the associated spurious oscillations asymptotically
rather than eliminating compressibility in a strict sense.

The proposed Qi model introduces an oscillation-
suppression term into the Hilbert coefficients of the equi-
librium distribution, leading to a macroscopic continuity
equation that combines features of artificial compressibility
[33] and penalty [40] methods. This modification enables
effective suppression of spurious pressure oscillations with-
out introducing additional auxiliary variables beyond density
fluctuation and velocity. The higher-order errors in the viscous
stress remain identical to those of the He-Luo model, and
the Qi model degenerates to the He-Luo formulation as the
suppression term vanishes.

Simulations of decaying turbulence further confirm that the
He-Luo, Guo, and Zhang models fail to control spurious pres-
sure oscillations, whereas the Qi model attenuates them even
for small suppression parameters and completely eliminates
them for moderate values. In addition, the Qi model mitigates
higher-order errors associated with the temporal derivative of
density fluctuation in the viscous stress, leading to observable
effects on the small-scale structure of the instantaneous strain-
rate field.
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APPENDIX A: DERIVATION DETAILS OF THE MAJOR
EQUATIONS IN SEC. II

This appendix provides the derivations of Eqs. (10), (12),
(13), and (15)–(18) presented in Sec. II.

To obtain Eq. (10), one needs to evaluate the derivative of
the weight function multiplied by Hermite polynomials, as
well as the product of the particle velocity ξ with Hermite
polynomials. Using properties of multidimensional Hermite
functions [8], the following identities hold:

cs∇ξi

[
w(ξ, cs)H(n)

i1···in
] = −w(ξ, cs)H(n+1)

ii1···in , (A1)

ξi

cs
H(n+1)

i1···in+1
= H(n+2)

ii1···in+1
+

n+1∑
k=1

δiikH(n)
i1···ik−1ik+1···in+1

. (A2)

For clarity of presentation, the Hermite expansion of the equi-
librium distribution in Eq. (10) is first considered without
truncation. The generalized CE expansion of the distribution
with an infinite-order Hermite equilibrium can then be written
in the form

f (+∞) =
+∞∑
r=0

1

r!

[
1 − τ

D

Dt
+ O(τ 2)

]
w(ξ, cs)

× [
a(r,0)

i + τa(r,1)
i + O(τ 2)

]
H(r)

i

= w

+∞∑
r=0

1

r!

[
a(r,0)

i + τ

(
a(r,1)

i − ∂

∂t
a(r,0)

i

)]
H(r)

i

− τ

+∞∑
r=0

1

r!
(ξ · ∇ + b · ∇ξ )

[
wa(r,0)

i H(r)
i

] + O(τ 2)

= w

+∞∑
r=0

1

r!

[
a(r,0)

i1···ir + τ

(
a(r,1)

i1···ir − ∂

∂t
a(r,0)

i1···ir

)]
H(r)

i1···ir

− τw

+∞∑
r=0

1

r!

[
cs∇ia

(r,0)
i1···ir

ξi

cs
H(r)

i1···ir − bi

cs
a(r,0)

i1···irH
(r+1)
ii1···ir

]
+ O(τ 2)

= w

⎧⎪⎪⎨⎪⎪⎩
∑+∞

r=0
1
r!

[
a(r,0)

i1···ir + τ
(
a(r,1)

i1···ir − ∂
∂t a(r,0)

i1···ir
)]
H(r)

i1···ir
+τ

∑+∞
r=0

1
r!

( bi
cs

− cs∇i
)
a(r,0)

i1···irH
(r+1)
ii1···ir

−τ
∑+∞

r=1
1

(r−1)! cs∇ξi a
(r,0)
i1···irH

(r−1)
i2···ir + O(τ 2)

⎫⎪⎪⎬⎪⎪⎭,

(A3)

where the simplification follows directly from the identities
Eqs. (A1) and (A2). The expression presented in Eq. (10)
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is subsequently obtained by truncating the generalized CE
expansion Eq. (A3) at order R.

Substituting the generalized CE expansion Eq. (10)
into the conservation relations at the NS level, given by
Eq. (11), requires that all terms except the leading one
yield vanishing contributions to the moments of the con-
served variables ψ at O(τ ). Owing to the orthogonality
of Hermite polynomials, these moment integrals reduce
to the Euler-level macroscopic equations Eqs. (12) and
(13): ∫ [

∂

∂t
a(0,0) + cs∇ia

(1,0)
i − a(0,1)

]
H(0)dξ

= ∂

∂t
a(0,0) + cs∇ia

(1,0)
i − a(0,1) = O(τ ), (A4)∫ [

∂

∂t
a(1,0)

j + cs∇ka(2,0)
jk

+
(

cs∇ j − b j

cs

)
a(0,0) − a(1,1)

j

]
ξiH(1)

j dξ

= cs
∂

∂t
a(1,0)

i + c2
s ∇ka(2,0)

ik + (
c2

s ∇i − bi
)
a(0,0)

− csa
(1,1)
i = O(τ ). (A5)

Taking the time derivative of Eq. (A4) and subtracting the
divergence of Eq. (A5) eliminates the intermediate terms and
yields a wave equation for the zeroth-order Hermite coeffi-
cient a(0,0),

∂2

∂t2
a(0,0) − ∂

∂t
a(0,1) = c2

s ∇2a(0,0) − ∇i
(
csa

(1,1)
i + bia

(0,0)
)

+ c2
s ∇i∇ka(2,0)

ik + O(τ ), (A6)

which corresponds to Eq. (15).
The recovered macroscopic equations can also be derived

by taking velocity moments of the Boltzmann model equation
with respect to the conserved variables, together with the
conservation relation Eq. (8). This leads to

∫ (
D f

Dt
+ f − f eq

τ

)
dξ = ∂

∂t
a(0,0) + cs∇ia

(1,0)
i

+
∫

f eq,(∞,0) − f eq

τ
dξ = 0,

(A7)∫ (
D f

Dt
+ f − f eq

τ

)
ξidξ

= cs
∂

∂t
a(1,0)

i + c2
s ∇i

(
a(0,0)Ii j + a(2,0)

i j

)
− ∇iσi j − bia

(0,0) +
∫

f eq,(∞,0) − f eq

τ
ξidξ = 0,

(A8)

σi j =
∫

ξiξ j[ f eq,(∞,0) − f ]dξ =
∫

cic j[ f eq,(∞,0) − f ]dξ.

(A9)

To recover the Euler equations, the distribution function
is approximated by the zeroth-order CE expansion, f =
f eq,(∞,0) + O(τ ). Under this approximation, the velocity mo-
ments appearing in Eqs. (A7)–(A9) reduce to∫

f eq,(∞,0) − f eq

τ
dξ = −a(0,1) + O(τ ), (A10)∫

f eq,(∞,0) − f eq

τ
ξidξ = −csa

(1,1)
i + O(τ ), (A11)

σi j =
∫

cic j
[

f eq,(∞,0) − f
]
dξ = O(τ ). (A12)

Substituting these expressions into Eqs. (A7) and (A8) yields
results identical to Eqs. (A4) and (A5), and hence the Euler
equations Eqs. (12) and (13).

To recover the NS-level macroscopic equations Eqs. (16)
and (17), a higher-order expansion of f is required. Retaining
the first-order CE expansion,

f = f eq,(∞,1) − τ
D

Dt
f eq,(∞,0) + O(τ 2), (A13)

and substituting it into the above velocity moments gives

∫
f eq,(∞,0) − f eq

τ
dξ = −a(0,1) − τa(0,2) + O(τ 2), (A14)∫

f eq,(∞,0) − f eq

τ
ξidξ = −csa

(1,1)
i − csτa(1,2)

i + O(τ 2), (A15)

σi j =
∫

ξiξ j

[
τ

D

Dt
f eq,(∞,0) + f eq,(∞,0) − f eq,(∞,1)

]
dξ + O(τ 2)

= τ

{
∂
(
c2

s a(2,0)
i j − Ii ja(0,0)

)
/∂t − cs

(
bia

(1,0)
j + b ja

(1,0)
i

) − Ii ja(0,1)

−c2
s a(2,1)

i j + ∇k
[
c3

s a(3,0)
i jk + cs

(
Ii ja

(1,0)
k + Iika(1,0)

j + I jka(1,0)
i

)]} + O(τ 2)

= τ

{
c2

s ∂a(2,0)
i j /∂t − cs

(
bia

(1,0)
j + b ja

(1,0)
i

) − c2
s a(2,1)

i j

+∇k
[
c3

s a(3,0)
i jk + cs

(
Iika(1,0)

j + I jka(1,0)
i

)] }
+ O(τ 2). (A16)

In simplifying Eq. (A16), the Euler-level continuity equa-
tion Eq. (12) has been used; the resulting expression coincides

with the viscous stress tensor given in Eq. (18). Finally,
substituting Eqs. (A14)–(A16) into the velocity-moment
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FIG. 9. Streamlines of the two-dimensional lid-driven cavity flow at Re = 1000, colored by the normalized velocity magnitude: (a) He-Luo
model, (b) Guo model, (c) Zhang model, and (d) Qi model with χ = −3.

equations Eqs. (A7) and (A8) yields the NS-level macro-
scopic equations Eqs. (16) and (17). Here, based on the
velocity-moment formulation Eq. (14) of the Boltzmann
model equation and the conservation relations Eq. (8), we sys-
tematically derive the Euler equations Eqs. (12) and (13), the
NS equations Eqs. (16) and (17), and the associated viscous
stress Eq. (18) at the NS level.

APPENDIX B: THE BOUNDARY CONDITION FOR THE
KINETIC MODELS IN INCOMPRESSIBLE FLOWS

Appendix B derives an on-wall bounce-back boundary
condition for the distribution function, tailored to the incom-
pressible flows in Sec. III. The construction is based on the
velocity moment constraints imposed by the conservation re-
lations Eq. (8) and the viscous stress Eq. (24). Specifically,
the deviation of the distribution function from the zeroth-order

equilibrium f eq,(2,0) satisfies∫
[ f eq,(2,0) − f ]dξ = O(τ 2),∫
ξ[ f eq,(2,0) − f ]dξ = O(τ 2), (B1a)∫
cc[ f eq,(2,0) − f ]dξ = σ. (B1b)

These constraints lead to a Hermite expansion for the
deviation of the distribution function from the zeroth-order
equilibrium,

f eq,(2,0) − f = w(ξ, cs)

2c2
s

(
ξ · σ · ξ

c2
s

− σii

)
, (B2)

which is identical in form to the nonequilibrium distribu-
tion obtained by Krüger et al. [50] for incompressible flows.
Consequently, the distribution function in the incompressible
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FIG. 10. Velocity profiles for the two-dimensional lid-driven cavity flow at Re = 1000: (a) normalized horizontal velocity u/uw along the
vertical centerline x/L = 0.5 and (b) normalized vertical velocity v/uw along the horizontal centerline y/L = 0.5.

flows can be written as

f = w(ξ, cs)

[
2∑

r=0

1

r!
a(r,0)

i1···irH
(r)
i1···ir + 1

2c2
s

(
σii − ξ · σ · ξ

RT0

)]
.

(B3)

From this expression, the distribution function, its equilib-
rium, and the associated forcing term along a given discrete
velocity direction are related to those along the corresponding
bounce-back direction by

f (ξ) − f (−ξ) = 2w(ξ, cs)a(1,0) · H(1)(ξ), (B4a)

f eq,(2,1)(ξ) − f eq,(2,1)(−ξ)

= 2w(ξ, cs)
[
a(1,0)

i + τa(1,1)
i + τ 2a(1,2)

i

]
H (1)

i (ξ),

(B4b)

(b · ∇ξ f )(2)(ξ) − (b · ∇ξ f )(2)(−ξ)

= 2w(ξ, cs)B(1) · H(1)(ξ). (B4c)

For the classical DUGKS [14,51], the half-time-step distri-
bution at a cell interface is given by

f = 2τ + δt

2τ
f − δt

2τ
f eq,(2,1) + δt

2
(b · ∇ξ f )(2), (B5)

where δt is the half time step. Combining this expression with
the bounce-back symmetry yields a unified on-wall bounce-
back boundary condition applicable to the He-Luo, Guo,
Zhang, and Qi models,

f (ξ) − f (−ξ) = 2w(ξ, cs)ρ0

(
u − δt

2
b
)

· ξ

c2
s

, (B6)

where the macroscopic velocity u is prescribed by the wall
motion. Numerical results for the two-dimensional lid-driven
cavity flow obtained using this boundary condition are pre-
sented in Appendix E.

APPENDIX C: A BRIEF DESCRIPTION OF THE
DISCRETE UNIFIED GAS KINETIC SCHEME

Here we briefly describe the discrete unified gas kinetic
scheme [14,51] used for all the simulations in this work; fur-
ther implementation details can be found in Qi et al. [43,44].
DUGKS [14] is a finite-volume scheme in which the com-
putational domain is divided into many connected cells Vi

centered at xi. Employing the midpoint rule for the convective
term and the trapezoidal rule for the collision term, Eq. (1)
is integrated over the cell Vi from tn to tn+1 = tn + �t , which
yields(

f̃
)n+1

i = (
f̃ +)n

i − �t

|Vi|
∮

∂Vi

(ξ · n) f (xb, tn+1/2) dS, (C1)

where the subscript i and the superscript n denote the cell-
averaged value over the cell Vi at time tn, and f (xb, tn+1/2)
is the distribution function at the cell interface center xb at
the half time step tn+1/2 = tn + δt with δt = �t/2. Two linear
transformations,

f̃ = 2τ + �t

2τ
f − �t

2τ
f eq, f̃ + = 2τ − �t

2τ
f + �t

2τ
f eq,

(C2)

are introduced to convert the implicit scheme into an ex-
plicit one. The flux distribution f (xb, tn+1/2) is evaluated
by integrating Eq. (1) along the characteristic line us-
ing the trapezoidal rule. Introducing another two auxiliary
distribution functions,

f = 2τ + δt

2τ
f − δt

2τ
f eq, f

+ = 2τ − δt

2τ
f + δt

2τ
f eq,

(C3)
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FIG. 11. Pressure contours of the two-dimensional lid-driven cavity flow at Re = 1000: (a) He-Luo model, (b) Guo model, (c) Zhang
model, and (d) Qi model with χ = −3.

the interface distribution is obtained explicitly as

f (xb, tn + δt ) = f
+

(xb − ξδt, tn) ≈ f
+

(xi, tn)

+ (xb − xi − ξδt ) · ∇ f
+

(xi, tn), (C4)

i.e., f
+

(xb − ξδt, tn) is Taylor expanded about the cell center,
where the cell-center value f

+
(xi, tn) equals the cell-averaged

value and can be expressed in terms of ( f̃ )n
i and the

equilibrium distribution, and the gradient ∇ f
+

(xi, tn) is com-
puted from the cell-averaged values with the sixth-order
targeted essentially nonoscillatory scheme [52]. Because the
particle transport and collision are coupled within each time
step, the DUGKS is second-order accurate in space and time

and asymptotic preserving: in the continuum limit the time
step is restricted only by the Courant-Friedrichs-Lewy con-
dition based on the particle velocities, rather than by the
relaxation time. Combined with the off-lattice velocity sets of
Appendix D, these properties make the DUGKS well suited
to the mesoscopic simulations of the present study.

APPENDIX D: D2Q9A5 AND D3V13A5 VELOCITY SETS

The D2Q9A5 discrete velocity set [16] is employed in
the DUGKS for two-dimensional simulations. The D3V13A5
discrete velocity set [16,45] is used for three-dimensional
simulations. Both velocity sets are listed in Table II.
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TABLE II. The velocity sets D2Q9A5 and D3V13A5. The subscript “p” means the parity of the permutation is strictly kept.

Model Group Number Abscissa ξα/cs Weight wα

D2Q9A5 1 1 (0, 0) 4/9
r2 = 3 2 4 (r, 0) 1/9

3 4 (r, r) 1/36

D3V13A5 1 1 (0, 0, 0) 2/5
r2 = (5 + √

5)/2, s2 = (5 − √
5)/2 2 12 (r, s, 0)p 1/20

APPENDIX E: THE SIMULATIONS FOR THE
TWO-DIMENSIONAL LID-DRIVEN CAVITY FLOW

Appendix E presents numerical results for the two-
dimensional lid-driven cavity flow, a classical benchmark
problem for assessing numerical methods and evaluating
incompressible-flow solvers. The computational domain is the
square [0, L] × [0, L], where L denotes the cavity length. The
velocity boundary conditions are prescribed as u = (uw, 0)
at the moving lid y = L, while no-slip conditions, u = 0,
are imposed on the remaining three walls. The Reynolds
number is defined as Re = uwL/ν. Owing to the velocity
discontinuities at the two upper corners (0, L) and (L, L),
this problem exhibits singularities at which both pressure and
vorticity become unbounded, making an accurate assessment
of numerical solutions particularly challenging.

Simulations are performed using the He-Luo [30], Guo
[31], Zhang [32], and Qi models (with χ = −3). All com-
putations are based on the DUGKS framework [14], with the
velocity boundary conditions translated into the distribution-
function boundary treatment described in Appendix B and the
D2Q9A5 velocity set for the particle velocity space shown
in Appendix D. Spatial discretization employs a nonuniform
mesh to enhance resolution near the walls, thereby improving
the prediction of near-boundary flow features. A 128 × 128
grid is used, with mesh stretching following the formulation
given in Eq. (46) of Guo et al. [14]. Steady state is deemed to
be reached when the relative residual satisfies∑

i |u(xi, tn + �t ) − u(xi, tn)|
�t

∑
i u(xi, tn)

< 10−8,∑
i |v(xi, tn + �t ) − v(xi, tn)|

�t
∑

i v(xi, tn)
< 10−8. (E1)

We present simulation results at a Reynolds number of
Re = 1000. The streamlines colored by the normalized veloc-
ity magnitude are shown in Fig. 9. At this Reynolds number,
the flow is characterized by a primary vortex occupying the
cavity core and two secondary vortices near the lower cor-
ners. All four models accurately capture this canonical flow
topology.

Velocity profiles of the horizontal velocity component u
along the vertical centerline x/L = 0.5 and of the vertical
component v along the horizontal centerline y/L = 0.5 are
plotted in Fig. 10. Reference data are taken from the clas-
sical results of Ghia et al. [53], obtained using a multigrid
vorticity-stream function formulation. The excellent agree-
ment between the present results and the reference data for all
four models demonstrates that the Qi model remains reliable
for wall-bounded flow simulations.

Finally, pressure contours for the four models at Re =
1000 are shown in Fig. 11. The presence of velocity singu-
larities at the upper corners strongly influences the pressure
field, leading to nonsmooth distortions of the contours that are
intrinsic to the problem rather than to the numerical method
or model employed. All four models exhibit pressure con-
tour distortions near the upper-left and upper-right corners.
Notably, the Qi model with χ = −3 shows a comparatively
weaker distortion, and in the lower half of the cavity (0 <

y/L < 0.5) its pressure contours are visibly smoother than
those obtained with the other models, consistent with the
strong damping of spurious acoustic pressure observed in the
decaying-turbulence simulations of Sec. IV. This qualitative
comparison suggests that the Qi model provides a degree
of suppression of pressure noise introduced by the corner
singularities.
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