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We perform numerical simulations of forced homogeneous isotropic turbulence over
a range of bulk viscosities, Reynolds numbers and Mach numbers to investigate the
scaling of key flow statistics. Using the Helmholtz decomposition, we analyse the scalings
of Favre-averaged turbulent kinetic energy (TKE), root-mean-square (r.m.s.) pressure,
pressure dilatation, dilatational dissipation and higher-order velocity-gradient moments.
Additionally, new models are proposed for the pressure-dilatation term and the bulk-
viscosity dependence of dilatational dissipation. Although the solenoidal and dilatational
components of the Favre-averaged TKE are not strictly orthogonal, our numerical results
demonstrate that their ratio is well approximated by the squared ratio of the corresponding
r.m.s. velocities. The r.m.s. pressure approaches the pseudo-sound scaling as bulk viscosity
increases. Within the Donzis r.m.s. pressure model (Donzis & John 2020 Phys. Rev.
Fluids 5(8), 084609), we find that the solenoidal contribution becomes dominant for large
bulk viscosity. Pressure dilatation is found to depart systematically from pseudo-sound
predictions: without bulk viscosity it favours transfer from kinetic to internal energy, while
finite bulk viscosity can reverse this transfer at high Mach numbers. The scaling exponent
of dilatational dissipation is shown to vary with bulk viscosity, enabling a corrected model
for its exponent and prefactor. Velocity-gradient skewness and flatness reveal that the
onset of shocklet-induced divergence is delayed with increasing bulk viscosity and may
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be suppressed entirely. The results extend recent velocity-ratio-based scaling frameworks
and provide modelling insights into compressible turbulence.

Key words: compressible turbulence, isotropic turbulence, turbulence theory

1. Introduction

Universal scaling remains a central pursuit in turbulence research, with homogeneous
isotropic turbulence serving as a canonical framework that retains the essential dynamics
while avoiding complications from inhomogeneity and boundaries. In incompressible
flows, the Taylor-microscale Reynolds number Re; characterises the turbulence. In
compressible turbulence, however, interactions among vortical, acoustic and entropic
modes (Kovdsznay 1953; Chu & Kovdsznay 1958) render Rey alone insufficient. For fixed
thermophysical parameters, including the specific heat ratio y and Prandtl number Pr,
conventional theory typically predicts normalised statistics as functions of Re; and the
turbulent Mach number Ma;. In compressible homogeneous isotropic turbulence, the two
governing parameters are defined as

_ UrmsA{p) Ma, — \/§urms
- . t— T

(VYRT)
where p is the density, p is the shear viscosity, R is the specific gas constant, T

is the temperature, u,;,s =+/(u?)/3 is the root-mean-square (r.m.s.) velocity, A is the
Taylor microscale A and angular brackets are suitably defined ensemble averages. The
Helmholtz decomposition (Helmholtz 1867) uniquely separates the velocity field into two
orthogonal components, namely u = u; + u,4; the divergence-free solenoidal velocity u
(i.e. V.uy;=0) is associated with the vortical mode, and the irrotational dilatational
velocity ug (i.e. V x ug = 0) is related to the change rate of the volume element. Donzis &
John (2020) demonstrated that self-similar scaling in compressible turbulence requires
the consideration of dilatational motion. And they introduced the ratio of the r.m.s.

dilatational velocity ug yms =/ (ufl) /3 to the r.m.s. solenoidal velocity ug s = (u%) /3.

This velocity-ratio framework provides a more universal scaling and has since been
extended to mean shear, thermal, reactive (Donzis & John 2020; John & Donzis 2024),
magnetohydrodynamic (Li et al. 2024) and bulk-viscosity flows.

Pressure may also be decomposed into solenoidal and dilatational components, i.e.
p = ps + pa (Donzis & John 2020). Unlike the turbulent kinetic energy (TKE) per
unit mass (u?) /2= (uf) /2+ <”¢21> /2, whose solenoidal—dilatational split is exact, the

square of the r.m.s. pressure p2 = psz,rms + pirms + 2rp Ps,rms Pd,rms has an additional
contribution from the correlation coefficient r, between p; and py. Dilatational
pressure py reflects an acoustic dynamics with a characteristic time scale ¢ ~ 1/(cg|V])
corresponding to the dilatational length scale 1/|V| (V is the nabla operator of the
spatial derivative), and the speed of sound c; = /y{p)/{p). From mass conservation,
the r.m.s. dilatational pressure satisfies pg,ms/{(p) ~ yMay (Donzis & John 2020),
where Mag = ugmsMa; [urms 1s the dilatational turbulent Mach number. The pressure
Poisson equation further yields pg yms ~ (p)uirms in the incompressible limit. Within
the pressure decomposition framework, scaling with respect to Ma; becomes clear:
when pg dominates, py,s/{(p) ~ yMafluf, s/ ufi’rms, whereas dilatational dominance gives

DPrms/{p) ~ vMag, the so-called dilatationally dominated p-equipartition (DDE) regime
(Donzis & John 2020).
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Modelling the dissipation in compressible turbulence requires understanding of the
pressure-dilatation term (p?) and dilatational dissipation €5 = (x +4/ 3) () /{p),
where ¥ =V -u is the dilatation, and x = uy/u is the bulk-to-shear viscosity ratio.
Conventional pseudo-sound theory (Ristorcelli 1995, 1997; Ristorcelli & Blaisdell 1997)
forecasts both terms to scale with Ma,z. Within this framework, (p?®), which characterises
the interconversion between TKE and internal energy, is assumed to scale with the
product of Mat2 and the solenoidal dissipation €5 = (/La)Z) /{p) in isotropic turbulence
(Sarkar 1992; Ristorcelli 1995, 1997; Ristorcelli & Blaisdell 1997), where w =V x u
denotes the vorticity. Similarly, €; satisfies €;/¢; ~M0¢t2 + O(Maj‘) (Sarkar et al. 1991;
Ristorcelli 1997; Ristorcelli & Blaisdell 1997). A more recent approach (Donzis & John
2020) relates €,4/€ to the velocity ratio ug yms/us rms, With direct numerical simulations
(DNSs) (Donzis & John 2020; John & Donzis 2024) supporting the scaling €;/e5 ~
u(zly s/ u% ms- Lhis result extends the Ma,-based conventional theory and offers new insight
into compressible turbulence modelling. However, the dependence of (p?) on the velocity
ratio remains unexplored.

High-order moments of the velocity field exhibit unique phenomena associated with
Ud.rms/Us,rms for compressible turbulence. The skewness S, and flatness F,, i.e.

([Bux/0x)° + (Buy/3y)* + (Bu./32)°] /3)
([Bur/0x)% + (Buy/8y)2 + (Buz/32)?] /3>

S, = (12)

([(Qux/3x)* + (Buy/3y)* + (Ju./32)*] /3)

F, = )
([(Our/3x)2 + (Buy /3Y)? + (duz/32)?] /3)

(1.3)

which are closely related to vortex stretching and intermittency, deviate markedly
from the canonical values observed in fully developed incompressible turbulence once
Ma,ufly s/ uf’,ms exceeds a critical threshold, as a consequence of the emergence of intense
shocklets (Samtaney, Pullin & Kosovi¢ 2001; Wang et al. 2011). When the so-called, S,
divergence, occurs, John & Donzis (2024) conjectured that it signifies the onset of a regime
where dilatational motions begin to influence the turbulent energy cascade.

The dynamics of dilatational kinetic energy depends on several mechanisms, with bulk
viscosity @y exerting a particularly strong influence. The bulk viscosity of a gas is strongly
correlated with its internal degrees of freedom; for example, x at 300K is 0.73 for
N», 7.4 for water vapour, 30 for H> and as high as 3000 for CO; (Cramer 2012). As a
thermophysical property, ;y enhances the dissipation of dilatational motions and thereby
mitigates flow compressibility (Pan & Johnsen 2017). Increasing py leads the velocity
ratio to scale as Ma; up to turbulent Mach numbers of 0.6 (Chen et al. 2019). Sakurai &
Ishihara (2023, 2024) showed that the dilatational energy spectrum exhibits a k3 power-
law scaling at high wavenumbers, which is attributed to the presence of shocklets. As
Wy increases, both the amplitude of the high-wavenumber dilatational spectrum and the
associated k3 scaling are progressively suppressed. Despite its relevance, the robustness
of established turbulence-scaling behaviours under varying bulk viscosity has not been
systematically assessed. To address this issue, we conduct numerical simulations to
investigate how bulk viscosity affects the universality of key scaling relations. We examine
the scaling of p,,s across py, propose x-dependent modifications for (p?}) and €; and
show that the threshold associated with the onset of the ‘S, divergence’ increases with x.
These results highlight the regulatory role of bulk viscosity in modulating the evolution of
compressible turbulence.
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2. Numerical details

Numerical simulations of the Navier—Stokes—Fourier equations are performed using
the hybrid method developed by Wang et al. (2010), which combines a seventh-
order weighted essentially non-oscillatory (WENO) scheme with an eighth-order
compact finite-difference scheme. The governing equations follow the macroscopic
formulation of Qi et al. (2023), as detailed in the supplemental material is available at
https://doi.org/10.1017/jfm.2026.11466, and the numerical method solves the conservative
form of the total energy equation. Here, we emphasise that the results presented here do
not constitute a DNS in the strict sense, since strong shocks with a thickness smaller than
the grid spacing are not directly resolved but are effectively modelled through the inherent
numerical subgrid dissipation of the WENO scheme. The viscous stress in the momentum
equation is

o =u[Vu+ (V)" + (x —2/3)91], 2.1

where p satisfies Sutherland,s law (Sutherland 1893), a superscript 7 denotes the transpose
for the velocity gradient and I is the identity tensor. To mitigate the impact of dilatational
forcing (Petersen & Livescu 2010), solenoidal large-scale forcing is applied by maintaining
prescribed kinetic energies in the two lowest-wavenumber shells, consistent with the k—>/>
spectrum. The specific heat ratio and Prandtl number are set to y = 1.4 and Pr=0.7,
respectively.

Table 1 in the supplementary material summarises the key parameters and statistical
quantities for the simulations, which cover the parameter ranges of Rey € (99, 181), Ma; €
(0.39, 1.04) and yx € [0, 30]. The Taylor microscale A and Kolmogorov scale 1, along with
the two parts of the Favre-averaged TKE, K and K4, the r.m.s. vorticity w,,s and dilation
¥rms, the integral time scale Lj, eddy-turnover time 7, and kinetic energy spectrum Eg
are defined as

\/gurms n= |:<M/p>3]l/4
((Quy/0x)2 + (Juy/0y)? + (auz/az)2)’ € ’

2 2
KS: (,OMS)’ Kd:(pud), Opms = (0)'(!)), ﬁrms:\/E’

&

2(p) 2(p)
* Ex(k L ik, 1)|?
L=y [ e = pen= Y BB g
2u?, . Jo k Uyms 2
k=L <lk|<k+1

with & denoting the Fourier-transformed velocity in the wavenumber space k. Stationary
ensemble statistics are obtained from spatial averages with additional temporal averaging
over more than 287,. All simulations satisfy k1 > 2.27, ensuring convergence of high-
order velocity-gradient moments (Wang, Gotoh & Watanabe 2017).

3. Results
3.1. Favre-averaged velocity decomposition

In compressible turbulence modelling, the TKE is typically defined using the Favre
(density-weighted) average. We therefore begin by analysing the solenoidal and
dilatational Favre-averaged components, K and K4. Although this decomposition is not
orthogonal (pu; - u.) # 0, figure 1(a) shows that K;/K; collapses onto ud’rms/uf’rms for
all cases, demonstrating that the Favre-averaged TKE ratio provides a reliable proxy for
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Figure 1. (a) Scaling of K4/Kj vs. uirms/uf.‘rms and (b) Ma, — uf!,rms/uirmx diagram. Data are represented as
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Figure 2. Scaling of (a) p2,,/{p)* with Ma, and (b) p2,,./({p)y Mag)? with D.

the velocity ratio under the present density-variation conditions. Besides, the inset in
figure 1(a) shows that approximating K by K + K yields deviations within 5 %, with
the discrepancy increasing at higher velocity ratios.

The Ma; — ui s/ uirms diagram in figure 1(b) includes two established criteria. The

‘DDE’ line (D= Ma,ui s/ WrmsUd rms) > 0.5) (Donzis & John 2020) indicates that
all cases lie in the solenoidal-pressure-dominated regime, with solenoidal contributions
strengthened at larger bulk viscosity. The ‘S, — div’ line (Ma,uirms / u?,,ms >3 x 1072)
(John & Donzis 2024) suggests that several simulations satisfy the empirical onset condi-
tion. Regarding the scaling of the turbulent Mach number, Donzis & John (2020) proposed
that solenoidally forced isotropic turbulence may follow Ma; ~ C (g yms/Us,rms)*» With the
same exponent o, while most of the cases they examined assume a zero bulk viscosity. By
contrast, our results demonstrate a pronounced dependence of « on the bulk viscosity. The
exponent decreases systematically with increasing x and is well described by the empirical

relation o & (0.460x + 4.57)/(x + 5.99).

3.2. Pressure

Figure 2(a) shows the variation of the normalised r.m.s. pressure p%ms /(p)? with Ma,.
Classical pseudo-sound theory (Ristorcelli 1997; Donzis & Jagannathan 2013; Wang
et al. 2017) predicts a quartic scaling pfms /(p)? ~Ma;‘, yet the measured exponents
are consistently smaller than four. As x increases, however, the scaling gradually
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approaches the quartic law. This trend can be attributed to the underlying pressure-
generation mechanisms: pseudo-sound theory derives from the pressure Poisson equation
at the incompressible limit, which reflects primarily solenoidal contributions. Elevated
bulk viscosity suppresses dilatational motions, thereby enhancing the relative weight
of solenoidal pressure and driving the overall behaviour closer to the pseudo-sound
prediction. A unified representation of r.m.s. pressure was proposed by Donzis & John
(2020), through a decomposition into solenoidal and dilatational components

p2 2 u?rms 2

rms

———— =~ C| Ma;— + Cr=C1D” + (>, 3.1
((p)yMag)? U s

where D =Madu52.,rms/u‘21]rms =Matu%’rms/(u,msud,rms) is the reciprocal of that defined
in Donzis & John (2020). and the first term captures the solenoidal contribution while
the second represents dilatational pressure. The detailed derivations of (3.1)—(3.3) are
provided in the supplementary material. Figure 2(b) indicates that the normalised r.m.s.
pressure follows the D? scaling reasonably well with C; 2 0.08 and C> 20, and the
agreement improves markedly with increasing y, further confirming that the pressure field
becomes progressively solenoidal-dominated when bulk-viscosity effects are strong.

3.3. Dissipation

We first examine the pressure-dilatation term (pv), representing the net work of pressure
on a fluid element. In homogeneous isotropic turbulence, positive © converts internal
energy to TKE, while negative ¢ transfers TKE to internal energy. Figure 3(a) shows that
the classical pseudo-sound scaling (p?)/{(p)es ~ Ma,2 (Sarkar 1992) is not supported; the
data display a stronger Mach-number dependence. Notably, with zero bulk viscosity (x =
0), the transfer is strictly from TKE to internal energy, whereas for x > 5 internal-to-TKE
transfer appears at higher Mach numbers.

Based on the velocity ratio, an alternative model is constructed for (p?d).
Following the methodology of Zeman (1991), we rewrite the term as (pi)~
— ((ps + pa)dpa/dt) /y(p) and simplify using the acoustic time scale t ~ 1/(c;s|V]), the
solenoidal dissipation €; ~ uj .../ L in the equilibrium turbulence (Kolmogorov 1941a,b;
Rubinstein & Clark 2017) and the aforementioned model for p,,,s (Donzis & John 2020),
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leading to the relations

cs| V]
<pl9> v ;(P) (rpps,rmspd,rms + pczl,rms) = (/0>C§|V|Ma¢2] (C3D + C4)7 (32)
s 3 SCsD+C
L) A £1V]-—Ma3 (C3D + Cy = L1 (”d”””) IS @3
(p)e€s U rms Us, rms Mag

where L is the energy-containing scale with the undetermined coefficients C3 and Cjy.
As shown in figure 3(b), the model (represented by the line of the same colour) performs
poorly for x =0, consistent with the same limitations of the p,,,; models (figure 2b), but
agreement improves systematically as bulk viscosity increases. £|V| may vary with Re,
and Ma,, warranting further study.

Figure 4(a) shows the dependence of 5/ wWpms ON ufi,rms/u2

s.rms- FOr a given bulk
viscosity, the data follow a clear scaling 9,5/ @yms ~ (it rms/ts,rms)?, With the exponent
B decreasing as y increases, indicating non-zero bulk viscosity alters the dilatational
motions rather than simply rescaling for flows without bulk viscosity. This trend suggests
that the ratio €4 /¢, should likewise depend on the velocity ratio. Figure 4(b) confirms this,

showing that €4 /€ collapses onto an empirical relation of the form

€d o oo (Hdrms\*C o _0927x 4186 L 0.694x +18.9
: PSS T 02 YT T 946

, x €10, 30].
34)

€g Us, rms

Notably, the exponent Cg for all simulated cases consistently exceeds the empirical
value of unity proposed by Donzis & John (2020) and John & Donzis (2024), and our
coefficients may be influenced by the finite dataset and should therefore be regarded as
provisional. Increasing x substantially amplifies the dilatational-dissipation contribution,
demonstrating that €; cannot be neglected in compressible flows with large bulk viscosity.

3.4. High-order velocity statistics

Finally, we examine higher-order statistics of the velocity gradient, namely the skewness
S, and flatness F,,. The former reflects the vortex-stretching dynamics (Champagne 1978),
whereas the latter characterises the turbulent intermittency (Pope 2000). In incompressible
turbulence, both quantities exhibit only weak Re, dependence, with empirical scalings
(Ishihara ef al. 2007): —S, = (0.32 £ 0.02)ReS 0% and F,, = (1.14 £ 0.19)Re§ 34+093,
In compressible flows, however, previous studies (Donzis & John 2020) suggest that, once
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Figure 6. Flatness of the velocity gradient F,, with (a) Ma, and (b) Ma[ugzl‘ s/ u? The dotted line is the
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average value 4.95 for the cases before S, -divergence.

the condition Matuf,, vms/ ui ms > 3 x 1072 is satisfied, shocklets induce extreme values of

skewness and flatness (Wang et al. 2011), signalling their growing influence on turbulence
statistics.

Figure 5 shows the plot of §,. For most cases without ‘S,-divergence’, the mean
skewness is approximately —0.460, consistent with incompressible scaling at the present
Re,. For the different x cases simulated here, the comparison suggests that the critical
threshold for ‘S,-divergence’ may increase as y rises, and for y =30, no divergence
is observed despite the phase diagram in figure 1(b). Flatness, F, (figure 6), shows a
similar trend, with the mean value 4.95 for non-divergent cases. Increasing bulk viscosity
suppresses shocklet-induced intermittency, indicating that sufficiently large x restores
near-incompressible statistics even at relatively high Mach numbers.

4. Discussion and conclusions

We conduct numerical simulations of forced homogeneous isotropic turbulence over
varying bulk viscosities, Reynolds numbers and Mach numbers, and examine the
scaling of Favre-averaged TKE (via Helmholtz decomposition), r.m.s. pressure, pressure
dilatation, dilatational dissipation and higher-order velocity-gradient moments. New
models are developed for pressure dilatation and for the bulk-viscosity dependence of
dilatational dissipation.
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Although the solenoidal and dilatational components of the Favre-averaged TKE are not
strictly orthogonal, their ratio is well approximated by the squared ratio of the respective
r.m.s. velocities, as confirmed numerically. The r.m.s. pressure departs from classical
pseudo-sound predictions (Ristorcelli 1997) but tends towards that limit as bulk viscosity
increases. It remains close to the Donzis r.m.s. pressure model (Donzis & John 2020), with
the solenoidal contribution increasingly dominant at larger bulk viscosity.

For compressible dissipation, we analyse pressure dilatation and dilatational dissipation.
Pseudo-sound theory is found to be inaccurate across Mach numbers. Without bulk
viscosity, pressure dilatation transfers energy mainly from TKE to mean internal energy;
finite bulk viscosity can reverse this transfer at high Mach numbers. Extending Zeman’s
(1991) approach and the Donzis pressure model (Donzis & John 2020), we propose a
new pressure-dilatation model based on the velocity ratio, with improved accuracy at
large bulk viscosity. For dilatational dissipation, we show that the scaling exponent in the
Donzis velocity-ratio model is not universal but varies systematically with bulk viscosity,
involving an amended exponent and prefactor.

We further evaluate the velocity-gradient skewness and flatness. Donzis & John
(2020) identified the shocklet-induced ‘S, -divergence’ as governed by the parameter
Ma,ui rms/ u% ms- Lhe divergence emerges once this parameter exceeds a critical threshold,
but this threshold may increase with bulk viscosity; at sufficiently large bulk viscosity
‘Su-divergence’ may be fully suppressed even when the empirical value is exceeded.

Overall, the velocity-ratio scaling framework offers a promising route toward universal
laws for compressible turbulence. By incorporating bulk-viscosity effects, the present
study refines this framework and delivers new modelling for TKE decomposition, pressure
dilatation and dilatational dissipation. A natural extension is the development of separate
transport equations for the solenoidal and dilatational components of TKE.

Supplementary material. Supplementary material is available at https:/doi.org/10.1017/jfm.2026.11466.
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